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ABSTRACT
The s t r o n g  s h o ck  wave found i n  some e x i s y m m e t r i c  p lu m es  was 
s t u d i e d .  The l o c a t i o n  o f  t h e  s t r o n g  s h o c k ,  c a l l e d  t h e  Mach d i s c ,  
was found by  s o l v i n g  t h e  t i m e - d e p e n d e n t  s e r v a t i o n  e q u a t i o n s .  T h e se  
e q u a t i o n s  w e re  i n t e g r a t e d  f o r w a r d  i n  t i m e  i n  a h i g h  s p e e d  c o m p u te r  
u n t i l  t h e  s o l u t i o n  c o n v e r g e d  t o  t h e  s t e a d y - s t a t e  s o l u t i o n .
The Mach d i s c  l o c a t i o n  was d e t e r m i n e d  w i t h i n  t h e  a c c u r a c y  o f  
r e p o r t e d  e x p e r i m e n t a l  m e a s u r e m e n t s .  A damping  scheme was n e c e s s a r y  
to  m a i n t a i n  s t a b i l i t y .  I t  i s  recommended t h a t  a d d i t i o n a l  l o g i c  be  
i n c o r p o r a t e d  i n t o  t h e  r e p o r t e d  c o m p u te r  p ro g r a m  in  o r d e r  t o  o b t a i n  
more a c c u r a t e  f lo w  c o n d i t i o n s  d o w n s t re am  o f  t h e  Mach d i s c .
- x i i -
CHAPTER 1
INTRODUCTION
When c o m p re sse d  g a s e s  a r e  expanded  t h r o u g h  n o z z l e s  and e x ­
h a u s t e d  i n t o  a  q u i e s c e n t  o r  moving  e n v i r o n m e n t ,  J e t  p lum es  a r e  
c r e a t e d .  T hese  p lu m e s  a r e  p r i m a r i l y  i n v i s c i d  and  n o n - t u r b u l e n t ,  
e x c e p t  i n  a  t h i n ,  f r e e - s h e a r - l a y e r  r e g i o n  w h ich  s e p a r a t e s  t h e  plume 
from i t s  e n v i r o n m e n t  and  i n  t h e  r e g i o n  f a r  d o w n s t re am  from t h e  
n o z z l e  e x i t .  T h e s e  p lu m es  a r e  s u p e r s o n i c  e x c e p t  f o r  p o s s i b l e  l o c a l l y  
imbedded s u b s o n i c  r e g i o n s .  T h e s e  p lum es  may v a r y  i n  t h r e e  s p a t i a l  
d i m e n s i o n s  and t i m e .  However ,  t h e r e  a r e  e nough  s t e a d y  a x t s y m m e t r l c  
and t w o - d i m e n s i o n a l  e x a m p l e s  o f  t h e s e  phenomenons t o  make them an  
i n t e r e s t i n g  s u b s e t  o f  g e n e r a l  p lu m e s .  The f l u i d  m e c h a n i c s  o f  t h i s  
s u b s e t  may be c o m p l e t e l y  a n a l y z e d  w i t h  e x i s t i n g  m e t h o d s ,  e x c e p t  f o r  
t h e  l o c a l l y  s u b s o n i c  r e g i o n s .  T h i s  r e g i o n  o c c u r s  b e h i n d  a  s t r o n g  
s h o ck  w h ic h  i s  c a l l e d  t h e  Mach d i s c .  The p u r p o s e  o f  t h i s  r e s e a r c h  
i s  t o  a n a l y z e  t h e  Mach d i s c  and v e r i f y  t h e  a n a l y s i s  w i t h  a v a i l a b l e  
d a t a .
The Mach d i s c  h a s  n o t  b e e n  s u c c e s s f u l l y  d e s c r i b e d  i n  t h e  m a t h e ­
m a t i c a l  s t u d y  o f  a x 1s y m m e t r i c  s u p e r s o n i c  p lu m e s .  S u p e r s o n i c  p lum es  
w i t h o u t  a  Mach d i s c  h a v e  b e e n  p r e d i c t e d / b y  u w tn g  t h e  m e thod  o f  c h a r a c ­
t e r i s t i c s ,  s ee  R e f e r e n c e s  1 . 1 - 1 . 3 -  The f o r m a t i o n  o f  t h e  o b l i q u e  
s h o c k s  i s  d e t e c t e d  and  c o m p ar e s  v e r y  w e l l  w i t h  e x p e r i m e n t a l  d a t a ;  
h o w e v e r ,  t h e  l o c a t i o n  and  f lo w  d o w n s t r e a m  o f  t h e  Mach d i s c  have  
n o t  b e e n  c o m p l e t e l y  d e s c r i b e d .  S e v e r a l  s e m i - e m p i r i c a l  t e c h n i q u e s  
h ave  b e e n  d e v e l o p e d  o v e r  t h e  y e a r s ,  R e f e r e n c e s  l . U - 1 . 8 ,  b u t  none
- 1 -
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a p p l i e s  f o r  a  c o m p l e t e  r a n g e  o f  p r e s s u r e  r a t i o s .  T u r b u l e n t  and 
v i s c o u s  phenomena a s s o c i a t e d  w i t h  t h e s e  s u p e r s o n i c  f l o w s  a r e  
d e s c r i b e d  a d e q u a t e l y  I n  R e f e r e n c e s  1 . 9 - 1 . 1 0 .
The a p p e a r a n c e  o f  a  s t r o n g  n o rm a l  s h o c k  o r  Mach d i s c  i n  a 
s u p e r s o n i c  f l o w  f i e l d  c r e a t e s  many a n a l y t i c a l  p r o b l e m s .  Axisyimnet- 
r i c  and t w o - d i m e n s i o n a l  j e t  f l o w s  can  be d e s c r i b e d  by t h e  u s e  o f  
t h e  i n v i s c l d  c o n s e r v a t i o n  e q u a t i o n s  i n  t h e  c h a r a c t e r i s t i c  c o o r d i n a t e s .  
The g o v e r n i n g  e q u a t i o n s  a r e  h y p e r b o l i c  a n d ,  t h e r e f o r e ,  t h e  s o l u t i o n  
may be o b t a i n e d  by u s i n g  n o z z l e  e x i t  c o n d i t i o n s  a s  i n i t i a l  c o n ­
d i t i o n s  and  i n t e g r a t i n g  them d o w n s t r e a m  from t h e  e x i t  p l a n e .  The 
o b l i q u e  s h o c k  waves  a r e  d e t e c t e d  by t h e  c r o s s i n g  o f  t h e  c h a r a c t e r i s ­
t i c s  o f  l i k e  f a m i l y .  P r o p e r t i e s  a c r o s s  t h e  o b l i q u e  s h o c k  w a v r s  a r e  
c a l c u l a t e d  u s i n g  t h e  R a n k l n e - H u g o n l o t  e q u a t i o n .  The s o l u t i o n  down­
s t r e a m  o f  t h e  s h o ck  i s  c o n t i n u e d  w i t h  t h e  m ethod  o f  c h a r a c t e r i s t i c s ,  
s i n c e  t h e  f l o w  s t a y s  s u p e r s o n i c .  The a p p e a r a n c e  o f  a  s t r o n g  n o rm a l  
s h o ck  i n  t h e  f l o w  f i e l d  i s  n o t  d e t e c t e d  by  c r o s s i n g  o f  l i k e  c h a r a c t e r ­
i s t i c s .  Even  a f t e r  t h e  l o c a t i o n  i s  known,  t h e  m e thod  o f  c h a r a c t e r ­
i s t i c s  c a n n o t  be  u s e d .  S i n c e  t h e  f l o w  f i e l d  d o w n s t r e a m  o f  t h e  n o rm a l  
s h o c k  i s  s u b s o n i c  t h e  c h a r a c t e r i s t i c  n e t w o r k  becomes  i m a g i n a r y .
T h i s  b e h a v i o r  means  t h a t  t h e  c l a s s i f i c a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n s  
c h a n g e s  from one  p o i n t  t o  a n o t h e r  i n  t h e  f l o w  f i e l d ,  i . e .  h y p e r b o l i c  
f o r  s u p e r s o n i c  f l o w ,  p a r a b o l i c  f o r  s o n i c  f l o w ,  and  e l l i p t i c  f o r  s u b ­
s o n i c  f l o w .
Normal s h o c k s  n o t  o n l y  a p p e a r  i n  p lu m e s ,  b u t  t h e y  may d e v e l o p  
i n  o t h e r  s u p e r s o n i c  f l o w  f i e l d s .  A g r e a t  d e a l  o f  e x p e r i m e n t a l  d a t a
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a r e  a v a i l a b l e  f o r  t h e  s u p e r s o n i c  J e t ,  R e f e r e n c e s  1 . 2 ,  1 . 5 ,  and  
1 . 1 1 - 1 . 1 5 .  S c h l i e r e n  and  shadow graph  p h o t o g r a p h s  show d e a r l y  
t h e  l o c a t i o n  o f  t h e  Mach d i s c .  U s u a l l y  t o g e t h e r  w i t h  t h e  p i c t u r e s ,  
e s t i m a t e s  o f  t h e  a m b i e n t  e x h a u s t  p r e s s u r e ,  t o t a l  J e t - p r e s s u r e ,  e x i t -  
p l a n e  s t a t i c  J e t - p r e s s u r e  and  Mach n u m ber ,  and  n o z z l e  c o n f i g u r a t i o n  
a r e  a v a i l a b l e .  The s t u d y  o f  t h e  Mach d i s c  I n  a  s u p e r s o n i c  plume 
h a s  b e e n  c h o s e n  b e c a u s e  o f  th e  g r e a t  amount o f  e x p e r i m e n t a l  d a t a  
a v a i l a b l e  a n d  b e c a u s e  i t  t y p l i f i e s  imbedded  s u b s o n i c  b e h a v i o r .
The s o l u t i o n  m ethod  u s e d  c o n s i s t s  o f  l e a v i n g  t h e  t im e  d e p e n ­
d e n t  t e r m s  i n  th e  c o n s e r v a t i o n  e q u a t i o n s .  I n c l u d i n g  t h e s e  t e r m s  
makes  t h e  e q u a t i o n s  h y p e r b o l i c  i n  t i m e .  The s o l u t i o n  was s t a r t e d  
by g i v i n g  a n  i n i t i a l  g u e s s  t o  t h e  e n t i r e  f l o w  f i e l d  and  m a i n t a i n ­
i n g  s t e a d y - s t a t e  b o u n d a ry  c o n d i t i o n s .  The e q u a t i o n s  were  i n t e r ­
g r a t e d  by u s i n g  a  f o r w a r d  d i f f e r e n c e  scheme on t im e  p r o p o s e d  by Lax 
and  r e f i n e d  by MacCormack, R e f e r e n c e s  1 . 1 6 - 1 . 1 9 .  The e q u a t i o n s  were  
I n t e g r a t e d  i n  a  h i g h  s p e e d  c o m p u te r  u n t i l  t h e  s o l u t i o n  c o n v e r g e d  t o  
t h e  s t e a d y - s t a t e  s o l u t i o n .
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CHAPTER 2
PHYSICAL DESCRIPTION OF THE MACH DISC AND SUPERSONIC PLUME
The p r e d i c t i o n  o f  s u p e r s o n i c  f lo w  e m a n a t i n g  f rom  a n o z z l e  i s  
v e r y  I m p o r t a n t  f o r  t h e  d e s i g n  o f  r o c k e t  powered v e h i c l e s .  R ocke t  
e n g i n e s  a r e  d e s i g n e d  t o  o p e r a t e  a t  a  g i v e n  a l t i t u d e  and b a c k  p r e s s u r e .
The o p e r a t i o n  o f  t h e  r o c k e t  e n g i n e s  a t  any  o t h e r  c o n d i t i o n  r e d u c e s  
p r o p u l s i o n  e f f i c i e n c y  and c a n  c r e a t e  s e r i o u s  h e a t i n g  p r o b l e m s .
F i g u r e s  P . 1 - 2 . 8  show t h e  d i f f e r e n t  plume s t r u c t u r e s  t h a t  a r e  found 
and t h e  n o m e n c l a t u r e  u s e d  i n  t h e  f o l l o w i n g  c h a p t e r s .  T h ese  s t r u c t u r e s  
h a v e  b e e n  drawn f o r  a n  i n v i s c i d  plume m o d e l .  F i g u r e s  2 . 9  and 2 . 1 0  
show a more  r e a l i s t i c  p i c t u r e  o f  a s u p e r s o n i c  plume w h e re  t h e  v i s c o u s  
e f f e c t  h a s  b e e n  shown. The m a j o r  s t r u c t u r a l  co m p o n en t s  w i l l  b e  d i s ­
c u s s e d  i n  t h e  s e c t i o n s  t h a t  f o l l o w .
SHOCK STRUCTURE
The o p e r a t i o n  o f  a  r o c k e t  e n g i n e  a t  a  p r e s s u r e  g r e a t e r  o r  l e s s  
t h a n  t h e  d e s i g n  p r e s s u r e  c r e a t e s  s h o c k s  i n  t h e  p lum e.
E x t e r n a l  Shock
F i g u r e  2 . 3  shows t h e  s h o c k  s t r u c t u r e  o f  an  u n d e r - e x p a n d e d  p lume 
o f  a m i s s i l e  a s  i t  f l i e s  a t  s u p e r s o n i c  s p e e d .  The e x h a u s t  p r e s s u r e
o f  t h e  plume i s  h i g h e r  t h a n  t h e  a m b i e n t  p r e s s u r e .  As t h e  u n d e r - e x p a n d e d
e x h a u s t  g a s  e x i t s  t h e  n o z z l e  , t h e  g a s  e x p a n d s  o u t  and d i s p l a c e s  t h e  o u t s i d e  
f l o w .  The d i s p l a c e m e n t  o f  t h e  o u t s i d e  s u p e r s o n i c  f lo w  i s  a c c o m p l i s h e d  
by a c u r v e d  s h o ck  w h ic h  i s  a t t a c h e d  t o  t h e  l i p  o f  t h e  n o z z l e .  The 
s t r e n g t h  o f  t h e  e x t e r n a l  s h o ck  and t h e  e x p a n s i o n  o f  t h e  e x h a u s t  g a s  
m u s t  m a tc h  a t  t h e  l i p  so t h a t  p r e s s u r e  and  g a s  f l o w  d i r e c t i o n  a r e  t h e
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J e t  B oundary
E x p a n s i o n  Waves
C o m p re s s io n  Waves
F ig u r e  2 . 1 .  S o n ic  or  S u p erso n ic  J e t  E x h a u stin g  in t o
Q u ie sc e n t  A tm osp h ere . S l i g h t l y  Jdnder-
expanded Jet^  P  ̂ >
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E x p a n s i o n  Waves
J e t  B oundary
\ \
R e f l e c t e d  Shock
/ /
I n t e r n a l  L i p  Shock
E x p a n s i o n  Waves
F ig u re  2 . 2 , S o n ic  or S u p erso n ic  J e t  E x h a u stin g  in t o
Q u ie sc e n t  A tn o sp h e r e . M oderate U nder­
expanded J e t ,  .
E x t e r n a l  L i p  Shock
J e t  Boundary
E x p a n s i o n
Waves
Mach D isc
S I i p - L i n e
T r i p l e  P o i n t
I n t e r n a l  L i p  Shoe
P t* C o n s t
E x p a n s i o n  Waves
F ig u r e  2 . 3 . H i g h l y  U n d e rex p a n d e d  J e t  E x h a u s t i n g  i n t o  
S u p e r s o n i c  S t r e a m .
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E x p a n s i o n  Waves
R e f l e c t e d  Shock
I n t e r n a l  L i p  Shock
F i g u r e  2 . 4 .  S o n i c  o r  S u p e r s o n i c  J e t  E x h a u s t i n g  I n t o
Q u i e s c e n t  A t m o s p h e r e .  S l i g h t l y  o r  M o d e r a t e
O v e re x p a n d e d  J e t ,  P <  P
6 A
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Jet: B ou n d ary
T r i p l e  p o i n tMach Disc E x p a n s i o n  Waves
R e f l e c t e d  Shock
I n t e r n a l  L i p  Shock
F ig u r e  2 . 5 ,  S o n ic  or S u p erso n ic  J e t  E x h a u stin g  in t o
Q u ie sc e n t  A ta o sp h e r e . H ig h ly  O verexpanded
J e t ,  P «  P ,'  e a
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E x p a n s io n  Haves
J e t  Boundary
Mach Disc
S l i p - L i n e
T r i p l e  P o i n t
R e f l e c t e d  Shock
I n t e r n a l  L ip  Shock
E x p a n s io n  Haves
F i g u r e  2 , 6 .  S on ic  o r  S u p e r s o n i c  J e t  E x h a u s t i n g  i n t o
Q u i e s c e n t  A tm o s p h e r e ,  H ig h ly  Under-







Sonic or Supersonic Jet Exhausting into Quiescent Atmosphere. 
Overexpanded J e t, pe < pa
u
E x t e r n a l  L i p  Shock
J e t  B oundary
S l i p - L i n eS t r e a m l i n e
I n t e r n a l  L i p  Shock
P ig u r e  2 . 8 .  R ocket E xhaust Pliaae
I n t e r n a l  Lip Shock
>0 V.
Nozzle E x i t
I n v l s c l d  Region
Plume G ra d u a l ly  Becoming F u l l y  
T u rb u len t
F ig u r e  2 . 9 .  Underexpanded Plume
E x t e r n a l  Lip  Shock
J e t  Boundary
F ig u r e  2 .10 .  A T y p ic a l  Flume
I n t e r n a l  L ip  Shock
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same. As t h e  r a t i o  o f  t h e  e x i t  J e t  p r e s s u r e  t o  a m b i e n t  p r e s s u r e  
i n c r e a s e s ,  t h e  d i s p l a c e m e n t  o f  t h e  o u t s i d e  f lo w ,  c a u s e d  by t h e  e x ­
p a n s i o n  o f  t h e  J e t ,  becomes  s o  g r e a t  t h a t  t h e  e x t e r n a l  l i p  shock  
d e t a c h e s  from t h e  l i p  o f  t h e  n o z z l e .  F i g u r e  2 . 3  shows a d e t a c h e d  
e x t e r n a l  s h o c k .  The s t r o n g  c u r v e d  s h o c k  c a u s e s  p a r t  o f  t h e  o u t s i d e  
f l o w  f i e l d  t o  become s u b s o n i c .  T h i s  s u b s o n i c  f l o w  I s  a c c e l e r a t e d  
t o  s u p e r s o n i c  f l o w  i n  t h e  r e g i o n  b e t w e e n  t h e  d e t a c h e d  e x t e r n a l  s h o ck  
and  t h e  plume b o u n d a r y .
I n t e r n a l  S h o ck s
S e v e r a l  s h o ck  s t r u c t u r e s  a r e  o b s e r v e d  w i t h i n  t h e  b o u n d a r i e s  o f  
a p lu m e .  T h e se  s h o c k s  a l l o w  t h e  e x h a u s t  g a s  t o  a d j u s t  t o  t h e  
o u t s i d e  b o u n d a r y  c o n d i t i o n s .
U n d e rex p a n d e d  I n t e r n a l  L i p  Shock
F i g u r e s  2 . 1 - 2 . 3 ,  2 . 6 ,  2 . 8  and  2 . 1 0  show t h e  d i f f e r e n t  shock  
s t r u c t u r e  o f  s u p e r s o n i c  J e t s  e x h a u s t i n g  i n t o  a medium w here  t h e  
p r e s s u r e  i s  lo w e r  t h a n  t h e  e x i t  p l a n e  p r e s s u r e .  P h y s i c a l l y  a s  t h e  
g a s  e x h a u s t s  f rom  t h e  n o z z l e  i t  " f e e l s "  t h e  p r e s s u r e  d i f f e r e n t i a l  
a t  t h e  l i p .  I f  t h e  g a s  a r o u n d  t h e  l i p  w ere  t o  f o l l o w  a t a n g e n t  t o  
t h e  b o u n d a r y  t h e  i n c r e a s e  i n  a r e a  w ould  c a u s e  t h e  p r e s s u r e  t o  d e ­
c r e a s e  v e r y  r a p i d l y  and t h u s  t o  f a l l  b e lo w  t h e  a m b i e n t  p r e s s u r e .  I n  
o r d e r  t o  m a tc h  t h e  p r e s s u r e  a t  t h e  b o u n d a r y ,  t h e  g a s  c u r v e s  inw ard  
c a u s i n g  a s m a l l  c o m p r e s s i o n  wave t o  fo rm .  The c o a l e s c e n c e  o f  t h e s e  
c o m p r e s s i o n  w a v es ,  s e e  F i g u r e  2 . 1 - 2 . 3 ,  c a u s e s  t h e  f o r m a t i o n  o f  t h e  
i n t e r n a l  l i p  s h o c k .  The s t r e n g t h  o f  t h i s  s h o c k  i s  z e r o  a t  t h e  l i p  
and t h e  s t r e n g t h  i n c r e a s e s  d o w n s t r e a m  a s  more  c o m p r e s s i o n  waveB 
c o a l e s c e .
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The f l o w  f i e l d  b e t w e e n  t h e  c e n t e r  l i n e  and  I n t e r n a l  l i p  shock  
I s  one  o f  e x p a n s i o n ,  and  t h e  f l o w  b e t w e e n  t h e  i n t e r n a l  l i p  s h o ck  and  
t h e  b o u n d a r y  i s  one  o f  c o m p r e s s i o n .  A t  a  g i v e n  a x i a l  p o s i t i o n  a  
r a d i a l  p l o t  o f  t h e  f l o w  a n g l e  shows t h e  f l o w  t o  h a v e  an  I n c l i n a t i o n  
o f  z e r o  a t  t h e  c e n t e r  l i n e  and  t o  d e f l e c t  away from t h e  c e n t e r  l i n e  
up t h e  i n t e r n a l  l i p  s h o c k .  B etween  t h e  i n t e r n a l  l i p  s h o c k  and  t h e  
j e t  b o u n d a r y  t h e  f l o w  t e n d s  t o  t u r n  t o w a r d s  t h e  c e n t e r l i n e .
E v e n t u a l l y  t h e  e x h a u s t  g a s  t u r n i n g  i n  w i l l  make t h e  s l o p e  o f  t h e  
b o u n d a r y  e q u a l  t o  z e r o  and  t h e  j e t  w i l l  s t a r t  d e c r e a s i n g  i n  d i a m e t e r ,  
e x c e p t  f o r  v e r y  l a r g e  d e g r e e s  o f  u n d e r e x p a n s l o n .  From t h i s  a x i a l  
s t a t i o n  onward  t h e  f l o w  b e t w e e n  t h e  b o u n d a r y  and  t h e  s h o ck  w i l l  be 
p o i n t i n g  to w ard  t h e  c e n t e r l i n e .
O v e rex p a n d e d  I n t e r n a l  L i p  Shock
F i g u r e s  2 .U ,  2 - 5 .  2 . 7 ,  and  2 . 9  show t h e  d i f f e r e n t  s h o ck  s t r u c t u r e s  
found i n  a n  o v e r e x p a n d e d  j e t .  As t h e  g a s  l e a v e s  t h e  n o z z l e  i t  " f e e l s "  
t h e  c o m p r e s s i o n  a t  t h e  l i p  o f  t h e  n o z z l e .  T h i s  c o m p r e s s i o n  t a k e s  
p l a c e  t h r o u g h  a n  o b l i q u e  sh o c k  a t t a c h e d  t o  t h e  l i p  o f  t h e  n o z z l e .
The o b l i q u e  s h o ck  p r o p a g a t e s  d o w n s t r e a m  to w a r d  t h e  c e n t e r l i n e .  The 
f l o w  b e t w e e n  t h e  e x i t  p l a n e  and  t h e  i n t e r n a l  l i p  s h o c k  e x p a n d s .  In  
t h i s  r e g i o n  t h e  f l o w  d i r e c t i o n  i s  away f rom  t h e  c e n t e r l i n e .  As t h e  
f l o w  c r o s s e s  t h e  o b l i q u e  s h o ck  i t  i s  c o m p r e s s e d ,  t h e n  I t  i s  f u r t h e r  
c o m p r e s s e d  by  t h e  o u t s i d e  b o u n d a r y .
I n t e r n a l  N o z z le  Shock
N o z z le  w a l l s  a r e  c o n t o u r e d  f o r  maximum p e r f o r m a n c e  and n o t  f o r  
i d e a l  e x p a n s i o n ,  an d  t h e r e f o r e  n o z z l e  s h o c k s  a r e  common. F i g u r e  2 . 7
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shows a n  o v e r e x p a n d e d  J e t  e x h a u s t i n g  I n t o  a  q u i e s c e n c t  a t m o s p h e r e .
In  t h e  f i g u r e  two t y p e s  o f  I n t e r n a l  n o z z l e  s h o c k s  c a n  be s e e n .
The one  c l o s e r  t o  t h e  c e n t e r l i n e ,  o r i g i m e t e e  a t  t h e  t h r o a t  o f  t h e  
n o z z l e  and i t  I s  g e n e r a l l y  t h e  w e a k e r  o f  t h e  two shown. I t  r e f l e c t s  
a s  a  weak sh o c k  wave .  The o t h e r  s h o c k  one  i s  fo rmed d o w n s t r e a m  o f  t h e  
t h r o a t .  T h i s  l a t t e r  s h o c k  l a  t h e  s t r o n g e r  o f  t h e  two a*d  i t  c a n  c o a l e s c e  
w i t h  t h e  I n t e r n a l  l i p  s h o c k .  The f o r m a t i o n  o f  t h i s  s h o c k  l a  c a u s e d  
by  z e r o t h  and  f i r s t  o r d e r  d i s c o n t i n u i t i e s  I n  t h e  n o z z l e  b o u n d a r y  e q u a t i o n  
R ap id  c h a n g e s  I n  t h e  h i g h e r  o r d e r  d e r i v a t i v e s  may a l s o  c a u s e  sh o c k s  
t o  f o r m .  O f t e n  su ch  d i s c o n t i n u i t i e s  a r e  p a r t  o f  t h e  d e s i g n  and
no a t t e m p t  i s  made t o  remove th e m .  Irr  f a c t  t h e y  may s e r v e  i m p o r t a n t
f u n c t i o n s ,  su ch  a s  u s i n g  a  b e l l  sh ap e  d e s i g n  t o  g i v e  good 
e x p a n s i o n  r a t i o s  w i t h  minimum w e i g h t .
JET BOUNDARY
As t h e  e x h a u s t  g a s  e x i t s  f rom  t h e  n o z z l e ,  i t  e x p e r i e n c e s  i n t e n s e  
s h e a r i n g  s t r e s s  and  s t a r t s  m i x i n g  w i t h  t h e  o u t s i d e  g a s .  T h i s  r e g i o n  
o f  m i x i n g  i s  c a l l e d  t h e  f r e e  s h e a r  l a y e r .
F i g u r e  2 . 1 1  shows t h e  p r o m i n e n t  f e a t u r e s  o f  a n  u n d e r e x p a n d e d  J e t
i n  an  i s o p y c n l c  p i c t u r e  a s  r e p o r t e d  i n  R e f e r e n c e  2 . 1 .  As c a n  be
s e e n  from F i g u r e  2 .  11 t h e r e  i s  a  ,lv a l l e y M e m a n a t i n g  from t h e  l i p  o f  
t h e  n o z z l e .  T h i s  " v a l l e y "  m a rk s  t h e  i n n e r m o s t  r e g i o n  i n f l u e n c e d  
by  t h e  o u t s i d e  a t m o s p h e r e .  L a n d e n b u r g ,  VanVoohls  and  W l n c k l e r ,
R e f e r e n c e  2 . 1 ,  found  t h a t  by a s s u m i n g  s o n i c  v e l o c i t y  a t  t h e  e x i t  
p l a n e ,  one  f i n d s  f rom a P r a n d t l - M e y e r  f l o w  e q u a t i o n  t h a t  a l o n g  a 
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F i g u r e  2 . 1 1 .  D e n s i t y  C o n t o u r s  f o r  an
A xlsym aetrlc  J e t  (Reference 2 . 1 )
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t h e  e x t e r n a l  a t m o s p h e r i c  p r e s s u r e .  Some r e c o m p r e s s i o n  m us t  o c c u r  
b e t w e e n  t h e  " v a l l e y "  and  t h e  o u t e r  j e t  b o u n d a r y  I n  o r d e r  t h a t  j e t  
p r e s s u r e  may b e  b u i l t  up t o  a t m o s p h e r i c  p r e s s u r e ,  consnonly r e f e r r e d  
t o  a s  t h e  f r e e  s h e a r  l a y e r  phenomena .  T h i s  phenomena I s  shown more 
c l e a r l y  i n  F i g u r e  2 . 1 2  w h ic h  p r e s e n t s  a  r a d i a l  d e n s i t y  p l o t  o f  t h i s  
r e g i o n .
The f r e e  s h e a r  l a y e r  i s  v e r y  t h i n  a t  t h e  l i p  o f  t h e  n o s z l e  and 
grows  d o w n s t r e a m .  The f r e e  s h e a r  l a y e r  d i s s i p a t i o n  e f f e c t s  e v e n t u a l l y  
become d o m i n a n t  and c a u s e s  t h e  s u p e r s o n i c  f l o w  t o  become s u b s o n i c  
and  e v e n t u a l l y  t h e r e  i s  no  f l o w .  I n  t h e  r e g i o n  w h e re  t h e  f r e e  s h e a r  
l a y e r  i s  t h i n  t h e  p r e s s u r e  a c r o s s  i t  i s  v e r y  c o n s t a n t .  For  t h i s  
r e g i o n  t h e  f r e e  s h e a r  l a y e r  c an  be assum ed  t o  be a  s l i p  p l a n e .  A 
s l i p  p l a n e  i s  a  d i s c o n t i n u i t y  i n  t h e  f lo w  f i e l d  w h e re  e n t r o p y ,  
v e l o c i t y ,  and  t e m p e r a t u r e  a r e  d i s c o n t i n u o u s  b u t  p r e s s u r e  and f lo w  
d i r e c t i o n  a r e  t h e  same on b o t h  s i d e s  o f  t h e  d i s c o n t i n u i t y .
INTERNAL SHOCK REFLECTION
The f u n c t i o n  o f  t h e  s h o c k  wave i n  t h e  plume i s  t o  a d j u s t  t h e  
f lo w  f i e l d  t o  t h e  b o u n d a r y  c o n d i t i o n s .  A r e p e a t e d  s h o c k  s t r u c t u r e  
a c t s  a s  t h e  m echan ism  by w h ic h  t h e  p r e s s u r e  g r a d i e n t s  i n  t h e  J e t  
a r e  smoothed o u t  u n t i l  a b a l a n c e d  c o n d i t i o n  i s  o b t a i n e d  d o w n s t r e am .  
T h e r e  a r e  two b a s i c  shock  p a t t e r n s  o b s e r v e d  i n  s u p e r s o n i c  p lu m e s ,  
nam ely :  ( a )  The diamond s h a p e .  (b )  The Mach r e f l e c t i o n .  These





Data p o i n t  From F igu re  2 .1 1 .  
F i t t e d  Curve Through Data P o in t .  
D i s t an c e  From O r i f i c e  10 ran.2.0




Shock Uave0 . 5
0
3 k 91 52 6 8
Radius  (ran)
F ig u r e  2 .12 .  R ad ia l  p l o t  of D e n s i t y  Underexpanded J e t
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Diamond Shape R e f l e c t i o n
F i g u r e  2 . 9  show* a  e k e t c h  o f  Che r e p e a t i n g  diamond p a t t e r n  f o r  
a n  u n d e r e x p a n d e d  j e t .  The I n t e r n a l  l i p  s h o c k  grows  frotn  t h e  l i p  
o f  t h e  n o z z l e  and g a t h e r s  s t r e n g t h  a s  I t  p r o c e e d s  d o w n s t r e a m .  I f  
t h e  j e t  I s  s l i g h t l y  u n d e r e x p a n d e d  t h e  i n t e r n a l  l i p  s h o ck  m e e t s  i n  
t h e  a x i s  o f  symmetry  and  i s  " r e f l e c t e d " .  The r e f l e c t e d  s h o ck  e x ­
t e n d s  b a c k  t o  t h e  c o n s t a n t  p r e s s u r e  b o u n d a r y .  A t  t h e  I n t e r s e c t i o n  
o f  t h e  r e f l e c t e d  s h o c k  and  t h e  c o n s t a n t  p r e s s u r e  b o u n d a r y  t h e  g a s  
i s  e x p an d ed  and an  e n v e l o p  s h o ck  i s  a g a i n  p r o d u c e d .  Som et im es  t h e  
f r e e  s h e a r  l a y e r  h a s  grown t o  su ch  a n  e x t e n t  on t h e  b o u n d a r y  t h a t  
t h e  r e f l e c t e d  s h o ck  p i e r c e s  i n t o  t h e  f r e e  s h e a r  l a y e r .  T h i s  p r o c e s s  
I s  r e p e a t e d  u n t i l  a  b a l a n c e d  j e t  i s  p r o d u c e d .  The same p a t t e r n  i s  
o b s e r v e d  f o r  s l i g h t l y  o v e r e x p a n d e d  J e t s .
Mach R e f l e c t i o n
F i g u r e s  2 . 3 ,  2 . 5 ,  2 . 6 ,  2 . 6 ,  and  2 . 1 0  show t h e  s h o ck  p a t t e r n  
o b s e r v e d  when a  s u p e r s o n i c  J e t  i s  h i g h l y  u n d e r e x p a n d e d  o r  o v e r -  
e x p a n d e d .  F o r  h i g h l y  u n d e r e x p a n d e d  j e t s  t h e  i n t e r n a l  l i p  shock  
g a t h e r s  s t r e n g t h  a s  i t  p r o c e e d s  d o w n s t r e am .  The c e n t e r  f l o w  i s  
expan d ed  v e r y  r a p i d l y  and t h e  p r e s s u r e  b e h i n d  t h e  I n t e r n a l  l i p  sh o c k  
i s  d e c r e a s i n g ,  a l t h o u g h  t h e  s t r e n g t h  o f  t h e  s h o c k  i s  i n c r e a s i n g .
Fo r  h i g h l y  u n d e r e x p a n d e d  J e t s  a n  o b l i q u e  s h o c k  may n o t  be enough 
t o  p r o d u c e  t h e  n e c e s s a r y  p r e s s u r e  i n c r e a s e  and  a  s t r o n g  s h o ck  f o r m s .  
T h i s  s t r o n g  s h o c k ,  r e f e r r e d  t o  a s  t h e  Mach d i s c , - c r e a t e s  a s u b s o n i c  
f l o w  w h ic h  l i e s  imbedded i n  t h e  s u p e r s o n i c  p lu m e .
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F o r  a  v e r y  h i g h l y  u n d e r e x p a n d e d  j e t  t h e  I n t e r n a l  l i p  s h o c k  
i n c r e a s e s  t h e  p r e s s u r e  o f  t h e  J e t  and  t u r n s  t h e  f l o w  I n w a r d .
A f t e r  t h e  f l o w  c r o s s e s  t h e  s h o ck  I t  i s  f u r t h e r  c o m p r e s s e d  by  t h e  
o u t s i d e  c o n d i t i o n s .  F u r t h e r  t h e  l i p  s h o ck  may g a t h e r  s t r e n g t h  by 
t h e  c o a l e s c e n c e  w i t h  a  n o z s l e  s h o c k .  I f  t h e  I n t e r n a l  l i p  shock  
becom es  s t r o n g  enough, a  r e f l e c t e d  s h o ck  c a n n o t  t u r n  t h e  f l o w  away 
from t h e  c e n t e r l i n e  and t h e  Mach d i s c  a p p e a r s .  A t  t h e  I n t e r s e c t i o n  
o f  t h e  Mach d i s c  and  t h e  I n t e r n a l  l i p  shock  a r e f l e c t e d  s h o c k  o c c u r s  
w h ic h  e x t e n d s  b a c k  t o  t h e  b o u n d a r y .  The e n t i r e  s h o ck  s t r u c t u r e  o f  
t h e  i n t e r n a l  l i p  s h o c k ,  Mach d i s c ,  and  t h e  r e f l e c t e d  shock  I s  
c a l l e d  t h e  Mach r e f l e c t i o n .
MACH DISC STRUCTURE
The Mach d i s c  i s  l o c a t e d  a l o n g  t h e  i n t e r n a l  l i p  s h o c k .  The 
i n t e r s e c t i o n  o f  t h e  Mach d i s c  and t h e  i n t e r n a l  l i p  shock  Ls c a l l e d  
t h e  " t r i p l e  p o i n t " .  F i g u r e  2 . 1 3  shows t h e  s t r u c t u r e  a r o u n d  t h e  t r i p l e  
p o i n t .  R e g i o n s  I ,  I I ,  I I I ,  and  V a r e  s u p e r s o n i c .  R e g io n  IV i s  t h e  
s u b s o n i c  r e g i o n  and t h e  r e g i o n  t h a t  makes t h e  s o l u t i o n  t o  t h i s  
p r o b l e m  d i f f i c u l t .  B e tw een  r e g i o n s  IV and V t h e r e  l a  a  s l i p  l i n e ,  
i . e . ,  s t a t i c  p r e s s u r e  and  f l o w  d i r e c t i o n  a r e  t h e  same on  b o t h  s i d e s  
o f  t h e  s l i p  l i n e .  R e g i o n s  I and  I I  a r e  s e p a r a t e d  by t h e  i n t e r n a l  
l i p  s h o c k .  R e g i o n s  I I  and  I I I  a r e  s e p a r a t e d  by a r e f l e c t e d  s h o c k .  
R e g i o n s  V and IV a r e  s e p a r a t e d  by  t h e  Mach d i s c .  The Mach d i s c  
formed I n  o v e r e x p a n d e d  f lo w s  c o n c a v e s  so m et im es  away from t h e  n o z z l e ,  
so m e t im es  t o w a r d s  t h e  n o z z l e ,  a s  c a n  be  s e e n  I n  R e f e r e n c e  2 . 2 .  I f  
t h e  d e g r e e  o f  o v e r  o r  u n d e r  e x p a n s i o n  l s  n o t  t o o  l a r g e ,  t h e  d i s c
In ternal Lip shock
R eflec ted  Shock
(I)
( I I )
( I I I )
T r ip le  Point
(IV)
(V)
F i g u r e  2 . 1 5 .  T r i p l e  P o i n t  S t r u c t u r e
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m i g h t  be  v e r y  f l a t  and p a r a l l e l  t o  t h e  e x i t  p l a n e .
The s u b s o n i c  r e g i o n  h a s  a  v e l o c i t y  c o n s i d e r a b l y  l e s s  t h a n  t h e  
s u p e r s o n i c  r e g i o n  a d j a c e n t  t o  I t .  1t  l s  t o  be  e x p e c t e d  t h a t  t h e r e  
w i l l  be  s h e a r i n g  f o r c e s  t r y i n g  t o  a c c e l e r a t e  t h e  s u b s o n i c  f l o w  b a c k  
t o  s u p e r s o n i c ,  F i g u r e  2 . 1 1  shows t h i s  phenomena .  The v e l o c i t y  
d i f f e r e n c e s  a r e  g r e a t e r  I n m e d i a t e l y  a f t e r  t h e  Mach d i s c  and  t h e  s h e a r i n g  
f o r c e s  w i l l  be  g r e a t e r  a t  t h i s  p o i n t ,  S c h l i e r e n  p h o t o g r a p h s  o f  
t h e  Mach d i s c  r e f l e c t i o n  show t h e  m i x i n g  r e g i o n  d u e  t o  t h e  s h e a r i n g  
f o r c e s  t o  be  v e r y  s m a l l ,  and  t o  be m o s t l y  a  s l i p  l i n e .  D ' A t t o r r e  
and  H a r s h b a r g e r ,  R e f e r e n c e  2 . 2 ,  h a v e  found t h a t  t h e  s u b s o n i c  
r e g i o n s  b e h i n d  t h e  Mach d i s c  t o  be  v e r y  u n s t a b l e  and t h a t  o s c i l l a t i o n s  
o c c u r  v e r y  e a s i l y .  The p o s i t i o n  o f  t h e  Mach d i s c  a l s o  o s c i l l a t e d  
and was  n o t  s t a b l e .  An a x i a l  p l o t  o f  d e n s i t y ,  F i g u r e  2 .1 U ,  o b t a i n e d  
from F i g u r e  2 . 1 1  show t h a t  i n  t h e  s u b s o n i c  r e g i o n  t h e r e  i s  re com ­
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2 . 1  L a n d e n b u r g ,  V an V o o h ls ,  and  W i n c k l e r ,  " I n t e r f e r o n s t r i e  
S t u d i e s  o f  F a s t e r  t h a n  Sound P henom ena . P a r t  I I .
A n a l y s i s  o f  S u p e r s o n i c  A i r  J e t s , "  P h y s i c a l  R ev iew ,
V o l .  J S ,  No. 5» S e p te m b e r  1, 19^9-
P . 2 D ' A t t o r r e ,  L. D . ,  and  H a r s h b a r g e r ,  F , , " F u r t h e r  E x p e r i m e n t a l  
S t u d i e s  o f  U n d e rex p a n d e d  J e t s  N e a r  t h e  Mach D i s c , "  
GDA-DBE-6U-0U1, S pace  S c i e n c e  L a b o r a t o r y ,  G e n e r a l  D ynamics /  
A s t r o n a u t i c s ,  San D ie g o ,  C a l i f o r n i a ,  J u l y ,  I9 6 U.
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CHAPTER 5 
MATHKJATICAL DESCRIPTION OF PLUMES
THE NATURE OF THE PROBLEM
Mach d i s c s  h a v e  b e e n  o b s e r v e d  I n  p l a n e ,  t w o - d i m e n s i o n a l  and I n  
a x l s y m m e t r i c  e x h a u s t  p l u m e s .  Some o f  t h e  p lu m es  a r e  c r e a t e d  by 
b lo w in g  c h e m i c a l l y  i n e r t  g a s e s  t h r o u g h  a n o z z l e ,  w h i l e  o t h e r s  a r e  
a c t u a l  e x h a u s t s  o f  r o c k e t  e n g i n e s .  I f ,  a s  l s  u s u a l l y  d o n e ,  t h e  
d i s s i p a t i v e  a c t i o n  o f  s h o ck  waves  l s  c o n s i d e r e d  t o  o c c u r  i n  p l a n e s  
o f  d i s c o n t i n u i t y ,  t h e  r e m a i n i n g  v i s c o u s  a n d / o r  t u r b u l e n t  d i s s i p a t i o n  
i n  t h e  p lu m es  i s  s e p a r a t e d  form t h e  Mach d i s c  by  r e g i o n s  o f  i n -  
v i s c i d ,  s u p e r s o n i c  f l o w .  H ence ,  t h e  Mach d i s c  phenomena may be 
c o m p l e t e l y  e x p l a i n e d  by p l e c e w l s e - c o n t l n o u s ,  i n v i s c i d  c o n s e r v a t i o n  
e q u a t i o n s .  Most o f  t h e  p e r t i n e n t  e x p e r i m e n t a l  d a t a  w h ich  e x i s t  a r e  
f o r  f l o w s  w h ic h  a r e  i n  m e c h a n i c a l  ( p r e s s u r e )  e q u i l i b r i u m  and In  
t h e r m a l  ( I n t e r n a l )  e q u i l i b r i u m .  The c o l d ,  i n e r t - g a s  f lo w s  a r e ,  
t h e r e f o r e ,  a l s o  i n  c h e m i c a l  e q u i l i b r i u m ,  w h e r e a s ,  t h e  h o t ,  r o c k e t -  
e x h a u s t  f l o w s  may o r  may n o t  be i n  c h e m i c a l  e q u i l i b r i u m .  S in c e  t h e r e  
a r e  a b u n d a n t  a x i s y n s n e t r i c a l  c o l d - f l o w  da- .a  a v a i l a b l e  t o  d e s c r i b e  
Mach d i s c  phenom ena ,  s u c h  f lo w s  w ere  s e l e c t e d  f o r  t h i s  s t u d y .  The 
e f f e c t  o f  more  com plex  c h e m i c a l  b e h a v i o r  may be e v a l u a t e d  w i t h  t h e  
same m e th o d o lo g y  a s  t h a t  u s ed  i n  t h i s  s t u d y ,  b u t ,  u n d o u b t e d l y ,  
t h e  c a l c u l a t i o n s  w i l l  b e  more  d i f f i c u l t .
I n  summary, t h e  c o n s e r v a t i o n  laws  w h ic h  a r e  u sed  m us t  d e s c r i b e  
a x l s y m m e t r i c , s i n g l e - c o m p o n e n t , c o n t i n u u m  f lo w s  w h ic h  a r e  i n  t h e r m a l -
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e q u i l i b r i u m .  The geeee i n v o l v e d  are b e l i e v e d  t o  obey  t h e  r« t f e e t  gas 
e q u a t i o n  o f  s t a t e  and  t o  h ave  c o n s t a n t  s p e c i f i c  h e a t s .  Even  
th o u g h  v i s c o u s  e f f e c t s  a r e  n o t  t h o u g h t  t o  b e  i m p o r t a n t ,  t h e y  w i l l  
be I n c l u d e d  i n  t h e  d i s c u s s i o n  b e c a u s e  t h e  s o l u t i o n  t e c h n i q u e  
em ployed  I n a d v e r t e n t l y  a d d s  ana logous :  t e r m s .
THE CONSERVATION EQUATIONS
T h e re  a r e  two m a t h e m a t i c a l  ways o f  d e s c r i b i n g  m a t t e r ,  t h e  
L a g r a n g l a n  o r  s y s t e m  a n a l y s i s ,  and t h e  E u l e r l a n  o r  c o n t r o l  volume 
m e th o d .  In  th e rm o d y n a m ic s  and s o l i d  m e c h a n i c s ,  t h e  f u n d a m e n ta l  
laws a r e  u s u a l l y  s t a t e d  from a s y s t e m  v i e w p o i n t .  A s y s t e m  l a  d e ­
f i n e d  a s  a f i x e d  m ass  upon  w h ich  a t t e n t i o n  l s  f o c u s e d .  The p r o p e r t i e s  
t h e n  a r e  s t a t e d  a s  f u n c t i o n s  o f  t i m e .  In  t h e  E u l e r l a n  form, a f i x e d  
vo lum e r e l a t i v e  t o  a c o o r d i n a t e  s y s t e m  i s  s p e c i f i e d .  P r o p e r t i e s  
a r e  t h e n  s p e c i f i e d  a s  f u n c t i o n s  o f  b o t h  t i m e  and s p a c e .  The 
E u l e r l a n  fo rm i s  c u s t o m a r i l y  u s e d  i n  f l u i d  m e c h a n i c s .  B o th  m e th o d s  
a r e  u n i t e d  by  t h e  v e c t o r  t h e o r e m  w h ic h  s t a t e s ,  s e e  R e f e r e n c e  5>1>
v e l o c i t y ,  dA i s  t h e  d i f f e r e n t i a l  e l e m e n t  o f  v o lu m e ,  and  dS l s  t h e  
d i f f e r e n t i a l  e l e m e n t  o r  a r e a .  The o v e r b a r  d e n o t e s  a v e c t o r .  N o t i c e  
t h a t  E q u a t i o n  3*1 d e f i n e s  t h e  v o lu m e ,  A> &nd t h e  c o r r e s p o n d i n g  
s u r f a c e ,  S,  w h ic h  cofftalns t h e  nail' Kg at any tile* t .
C o n s e r v a t i o n  o f  Mass
For  a  s y s t e m  I n  w h ic h  m a t t e r  i s  n e i t h e r  c r e a t e d  n o r  d e s t r o y e d
( 3 . 1 )
w here  M l s  t h e  m ass  o f  t h e  s y s t e m ,  p I s  t h e  d e n s i t y ,  V i s  t h e  8
( 3 . 2 )
31
o r
JJJAOWat + ^-p^dA - 0
0 . 3 )
S i n c e  t h i s  e q u a t i o n  i s  v a l i d  f o r  a n  a r b i t r a r y  vo lum e ,  I t  f o l l o w s  
t h a t
T h i s  i s  t h e  c o n s e r v a t i o n  o f  mass  f o r  a  s i n g l e  component f l u i d ,
i n  d i f f e r e n t i a l  form.
V a r i o u s  forms o f  E q u a t i o n  a r e  shown i n  T a b l e  5 . 1 .  
C o n s e r v a t i o n  o f  Momentum
The c o n s e r v a t i o n  o f  momentum s t a t e s  t h a t  t h e  r a t e  o f  change  o f  
momentum o f  a  sy s te m  l s  e q u a l  t o  t h e  sum o f  t h e  e x t e r n a l  f o r c e s  on 
t h e  sys tem .
T y p i c a l  com ponents  o f  t h e  e x t e r n a l  f o r c e s ,  L, a r e  v i s c o u s  f o r c e s ,  
p r e s s u r e  f o r c e s ,  g r a v i t y  o r  o t h e r  body f o r c e s ,  and f o r c e s  a r i s i n g  
b e c a u s e  s o l i d  b o u n d a r i e s  a r e  c o n t a i n e d  i n  t h e  c o n t r o l  volume o f  
i n t e r e s t .
C o n s i d e r  f i r s t  t h e  l e f t  hand s i d e  o f  t h i s  e q u a t i o n .  Assume 
an  i n c r e m e n t a l  volume A o v e r  w hich  an a v e r a g e d  v a l u e  o f  V and 0 
may be assumed such  t h a t  th e  i n t e g r a t i o n  i n  E q u a t i o n  3 . 3  can  be 
r e p l a c e d  by pVA





m e  c o n s e r v a t i o n  o r  n a s s
P l a n e ,  1 - d l m e n s l o n a l  f lo w .
r  -  x i  -The p o s i t i o n  v e c t o r
V -  u l  -The v e l o c i t y  v e c t o r
ftp /f t  t  + f t (pu) / f t  x = 0 -The c o n t l B B t t y  e q u a t i o n
( 3 . 4 a )
P l a n e ,  ^ - d i m e n s i o n a l  f lo w .  ( C a r t e s i a n  C o o r d i n a t e s )
r  -  x i  + y j
V -  u l  + v j
ftp / f t t  + f t (pu) / f t  x + f t (pv ) / f t  y -  0 ( 3 . 4 b )
5 - d l m e n s l o n a l  f lo w .  ( C a r t e s i a n  C o o r d i n a t e s )
r  = x l  + y j  +  zic
V =» u i  + v j  + wk
ftp /  ft t  + ft (pu)  /f t  x + ft (pv) /f t  y + ft(pw) /ft x -  0 
( 3 . 4 c )
A x isy im ne t r ic  f lo w ,  ( C y l i n d r i c a l  C o o r d i n a t e s )  
r  -  x i  + r j  
V -  u l  + v j
ftp /f t  t  + f t (pu) / f t  X + (1 / r ) f t ( p v r )  / a  r  -  0 (3*4d)
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D(pvA)/Dt -  L
( 3 .6 )
<pV/A)(DA/Dt:) + D(pV)/Dt m l / h m  I
(3-T)
Where I  i s  t h e  f o r c e  v e c t o r  p e r  u n i t  v o lu m e .  Now t h i s  e q u a t i o n  
c o u l d  h ave  b e e n  w r i t t e n :
VD<pA)/Dt + ( pA)DV/Dt <= L
(3-8)
I f  pA i s  I n t e r p r e t e d  a s  t h e  m ass  M# , o f  t h e  s y s t e m ,  t h e n  by u s i n g  
t h e  c o n t i n u i t y  e q u a t i o n ,  E q u a t i o n  3 - 2 ,  t h e  f i r s t  t e r m  o f  E q u a t i o n  
3-8 becomes
D ( p A ) /D t  = DM / Dt = 0
* (3-9)
T h e re  f o r e ,
pDV/Dt = 1
( 3 - 1 0 )
E q u a t i o n  3 * 1 0  i s  a n  a d e q u a t e  s t a t e m e n t  o f  t h e  c o n s e r v a t i o n  o f  
momentum, b u t  c o n s i d e r  a d d i n g  E q u a t i o n  3 -^  t o  i t  so  t h a t  t h e  momen­
tum e q u a t i o n  i s  o b t a i n e d  In  t e r m s  o f  pV, 1 . e . ,  i n  t e r m s  o f  th e  
momentum p e r  u n i t  v o lu m e .
v fap/f t t  + V.(pVJt + pDV/Dt -  t
( 3 . 1 1 )
A l s o  c o n s i d e r  t h e s e  r e a r r a n g e m e n t  o f  E q u a t i o n  3 <H :
v ^ p / s t  + P^v/dt + v f v .v p  + pv-iri + p (v»v)v  -  J
( 3 .1 2 )
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* ( p v ) / d t  + v -v (p v )  + p?(v*tf) -  I
( 3 . 1 3 )  
a ( p v ) / a t  + v . (p W ) .  1 
(3 .1*0
By co m p ar in g  E q u a t i o n  3*7 and  3*13> I t  f o l l o w s  t h a t :
DA/Dt -  (V.V)A
( 3 . 1 5 )
T h i s  I s  a  c o r r e c t  I n t e r p r e t a t i o n  o f  t h e  change  I n  t h e  volume o f  
t h e  s y s t e m .
C o n s i d e r  t h e  f o r c e  t e r m .  Only  v i s c o u s  f o r c e s  and  p r e s s u r e  f o r c e s  
w i l l  be  assum ed  to  b e  s i g n i f i c a n t ,  see  R e f e r e n c e  3*2*
f  * V• T -  Vp = V*(T -  t p )
( 3 . 1 6 )
t  I s  t h e  v i s c o u s  s t r e s s  t e n s o r ;  I t s  e l e m e n t s  a r e  c h o se n  t o  be 
p o s i t i v e  when t h e  s t r e s s  component and  s u r f a c e  normal o f  l i k e  s i g n  
and  n e g a t i v e  when t h e y  a r e  u n l i k e .  Where t  I s  t h e  u n i t  t e n s o r ,  and  
P  I s  t h e  the rm odynam ic  p r e s s u r e .  A l l  t e n s o r s  u s e d  h e r e i n  a r e  second  
o r d e r .
The f i n a l  form o f  t h e  momentum e q u a t i o n  I s
d ( p v ) / a t  + S -v (p ? )  + pv(v*v) -  -  tp)
( 3 . 1 7 )
I t s  x  com ponen t ,  w here  x I s  any o r t h o g o n o l  c o o r d i n a t e ,  l s
s ( p » ) / a t  +  » • ' ( ( * )  +  p u ( v . v)  -  f v . ( t  -  i p ) i --------- f — ,
( 3 . 1 8 )
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f t (Pu ) / a t  +  v - ( pu^ )  -  [ v . < t  -  t p > l x _componailt;
C . 19)
Forms o f  E q u a t i o n  ^ . 1 8  s p e c i f i c  t o  t h e  o a o r d i R a t e  s y s t e m  u s e d  
I n  t h i s  s t u d y  a r e  shown I n  T a b l e  3 . 2 .  I n  t h e  c o n s t r u c t i o n  o f  
T a b l e  3 . 2  t h e  g a s  l s  a s su m ed  t o  o bey  t h e  p e r f e c t  g a s  e q u a t i o n  o f  
s t a t e .  F o r  a  p e r f e c t  g a s ,  t h e  s e c o n d  c o e f f i c i e n t  o f  v i s c o s i t y  I s  
n e g l l b l e  s m a l l ,  an d  t h e  f i r s t  c o e f f i c i e n t  o f  v i s c o s i t y  may be  
a s su m ed  c o n s t a n t .
V a r i o u s  o t h e r  m e th o d s  o f  r e p r e s e n t i n g  t h e  momentum e q u a t i o n  a r e  
a v a i l a b l e  i n  t h e  l i t e r a t u r e .  A f r e e - b o d y  a p p r o a c h  p r e s e n t e d  
i n  R e f e r e n c e  3*3 a n d  a  g e n e r a l  b a l a n c e  a p p r o a c h  I s  g i v e n  i n  
R e f e r e n c e  3 * 2 .  A l l  o f  t h e s e  m e th o d s  y i e l d  t h e  same e q u a t i o n s ,  
a l t h o u g h  s i g n  c o n v e n t i o n s  on  some t e r m s  v a r y  b e t w e e n  r e f e r e n c e s .
Forms o f  t h e  e q u a t i o n s  q u i t e  s i m i l a r  t o  t h o s e  g i v e n  i n  T a b l e  3* 2  
a r e  p r e s e n t e d  i n  R e f e r e n c e  3*3* 3*^» a n d  3*5 .
C o n s e r v a t i o n  o f  E n e r g y
The c o n s e r v a t i o n  o f  e n e r g y  s t a t e s  t h e  r a t e  o f  c h a n g e  o f  t h e  t o t a l  
e n e r g y  o f  a  s y s t e m  i s  e q u a l  t o  t h e  r a t e  h e a t  i s  t r a n s f e r e d  i n t o  t h e  
s y s t e m  p l u s  t h e  r a t e  o f  d o i n g  w ork  on  t h e  s y s t e m  by v i s c o u s  an d  
p r e s s u r e  f o r c e s .  O t h e r  e n e r g y  a f f e c t s  a r e  a s su m ed  n e g l l b l e .  U s i n g  
a  s i m i l a r  a p p r o a c h  a s  t h a t  u s e d  I n  d i s c u s s i n g  t h e  moaemtum e q u a t i o n ,  
t h e  c o n s e r v a t i o n  o f  e n e r g y  r e l a t i o n  I s
“  J J J ^ P a d A  -  h e a t i n g  p l u s  v i s c o u s  d i s s i p a t i o n
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TABLE 3 . 2  
The Mo— n tu t t  E q u a t i o n s
A l l  d e f i n i t i o n s  g i v e n  i n  T a b l e  3*1 a p p l y  t o  t h i s  t a b l e  a l s o .
P l a n e ,  1 - d i m e n s i o n a l  f l o w .
f  p)  / a  X = /  3)  a 2  u / a  X
O.ir.a)
a m / a  t  + a (m2 / p + x p,{ (U ) x 2 )
w h e re  m -  pu i s  momentum p e r  s n i t  vo lume
P l a n e ,  2 - d i m e n s i o n a l  f l o w ,  
x - component
a  m / a  t  + a (m 2/ p  + p ) / a (mn / p ) / a  y *
-  2  a c <m / p ) / a 2 x  -  ( 2  / 3 ) { a ( m  / p )  / a  X  +
+ a (n  / p ) / a  y + a 2 (m / p ) / a  y 2 + a 2 (n  / p ) / a  y a
( 3 . 18b)
where  n =* pv i s  momentum p e r  u n i t  vo lume 
y  = component
a  n / a  t  + a ( n 2/ p  + p ) / a  y +  a  (nm / P>/73 x  “
-  p, {2a 2 (n  / p ) / a  y 2 -  2 / 3 f a  (n  / p) / a  y +
+ a(m  / p ) / a  x + a 2 (n  / p ) / a  x 2 +  a 2 (™ / p )  / a  m  y i
( 3 . 1 8 c )
P l a n e ,  3 - d l m e n s l o n a l  f l o w ,  
x -  component
a m / a t  + a ( m / p  + p ) / a  x + a (n® /  p ) /  a y + a (“ q / p )  -
-  n [ 2 a 2 (m / p ) / a  x 2 - 2 / 3  [ a 2 (m / p ) /  a X2 +
+ a 2 (n p ) /a  x a y + a 2 (q / p )  / a  x a *1 + a2 (m / p>/ a y 2 +
+ a 2 («  / p ) / a  y a x + a2 (q / p )  / a  * a x + a 2 («  / p>/ a *2 1
( 3 . I8d )
TABLE 3 . 2  ( c o n t i n u a t i o n )
y -  component
ft n / a  t  + f t ( n 2/ p  + p ) / f t  y + f t (nq / p ) / f t  z + ft(nm / p ) / f t  x =
p {2ft2 (n  / p )  / f t  y 2 - 2 / ?  {ft2 (n  / p ) /  ft y 2 + ft2 (q  / p ) / f t  y f t s
+ ft2 (m / p )  / ft y ft x) + ft2 (n  / p )  / f t  z2 +  ft2 (q  / p )  /  ft z ft y
+ ft2 (m / p ) / f t  x  ft y + ft2 ( n  / p >/ ft x 2) ( 3 . l 8 e )
z -  com ponen t
ft q / f t  t  + ft ( q 2/ p  + p) / f t  z + ft (qm / p ) / f t  x  + ft (qn  / p ) / f t  y »
= p (2ft2 (n / p ) / f t  z 2 - 2 / 3 { d 2 (q / p ) / f t  z 2 + ft2 (m / p ) / f t  z ft 
+ ft2 (n / p )  / f t  z ft y}  + ft2 (q / p ) / f t  x2 +  ft2 (m / p ) / f t  x ft z +
+ ft2(n /p)/ft y ft z +  ft2(q / P>/ ft y 2) (3.l8f)
w h e re  q = pV i s  momentum p e r  u n i t  vo lum e  l h  t h e  z -  d i r e c t i o n
Ax1sy m m e t r i c  f l o w  
x - component
f t ( rm)/f t  t  + ft(rm / p  + r p )  / f t  x + ft(rmn / p ) / f t  r  -
-  p { (1  / 3 ) f t ( n  / p ) / f t  r  + ( r  /  3) ft2 (n  / p ) / f t  r  ft x +
+ r  ft2 (m / p ) / f t  r 2 + ( h r  /  3) ft2 (m / p ) / f t  x 2 "| (3 * lB g )
r  -  com ponent
ft ( m ) / f t  t  + ft (n o n  / p ) / f t  x  + f t ( r n 2 /  p +- r p ) / f t  r  - p -
-  M- { ( h r  / 3 ) f t 2 (n  / p ) / f t  r 2 +  (2  /3 >  f t(n  / p ) / f t  r  +
- ( 2  / 3 )  f t (n  / p ) / f t  x  + r f t2 (n  / p>/f t  x 2  +
+ ( r  / 3 )  ft2 (m / p )  / f t  x ft y  ( 3 , l 8 h )
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w h e re  e  I s  t h e  t o t a l  I n t e r n a l  e n e r g y  p e r  u n i t  m a s s .  A g a in  
c o n s i d e r i n g  a n  I n c r e m e n t a l  e l e m e n t
D (p e A ) /D t  -  e D (p A ) /D t  +  p ADe/Dt
( 3 . 20)
Where D(py\) /  Dt = 0 b y  c o n t i n u i t y
T h e r e f o r e ,  t h e  h e a t i n g  a n d  d i s s i p a t i o n  a r e  e v a l u a t e d  f o r  a n  
I n c r e m e n t a l  vo lum e  t o  y i e l d
pDe/Dt  ■ V* (T -  I p ) - V  -  V .q  
w h e re  q i s  t h e  h e a t  c o n d u c t i o n  v e c t o r .
R e i n t r o d u c i n g  t h e  e  t i m e s  t h e  c o n t i n u i t y  e q u a t i o n  p r o d u c e s
e f f t p / a t  + V*pV) + p D e /D t  -  V . ( $ - t p ) q  
a n d  r e a r r a n g i n g
M p e ) / a t  +  ^ • (peV + t p . V )  »  - V . q  +  ( V . ? ) - V
( 3. 21)
( 3 . 2 2 )
( 3 . 2 3 )
V a r i o u s  fo rm s  o f  E q u a t i o n  3*23 s p e c i f i c  t o  t h e  c o o r d i n a t e s  
s y s t e m s  u s e d  I n  t h i s  s t u d y  a r e  shown i n  T a b l e  3>3* N o te  pe »  E 
I s  t h e  t o t a l  e n e r g y  p e r  u n i t  v o lu m e ,  a n d  p -  p RT i s  t h e  p e r f e c t  
g a s  e q u a t i o n  o f  s t a t e .
I d e a l  Gas R e l a t i o n s
An I d e a l  g a s  w i t h  c o n s t a n t  s p e c i f i c  h e a t s  I s  one  t h a t  o b e y s  
t h e  e q u a t i o n  o f  s t a t e
pRT
(3 .2 5 )
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TABLE 3 . 3
The E n e r g y  E q u a t i o n _______________________
P l a n e ,  1 - d i m e n s i o n a l  f l o w .
ftE / f i t  + ft(m<E +  p) /  P ) / f t  x = f k / R l  {ft2 <P / p ) / f t  * £ 1 + 
+ ti-L / 3 T [ a 2 (m2/ p 2) /f t  x 2l  ( 3 .2 5 a )
P l a n e ,  2 - d i n t e n s i o n s  1 f l o w .
ftE / f t  t  + ft (m(E + p ) )  /  ft x + ft(n(E +  p) /  p) /f t  y =
[ k /R  1 fft2 (p / P ) / f t  * 2 + ft2 (p / P ) / *  y 21 +
+ M>(ft /ft x )  { { 2m / p i [ f t ( m  / p ) / f t  X  -  ( I  /  3 ) (ft (m / p ) / f t  x  +
+ ft ( n  /  p)  / f t  x ) H  +  {n  / p i  [ft(m /  p ) / f t  y  + ft(n / p ) / f t  *11+
+ n(ft  / f t  y ){{m / p l { f t  (m / p )  / f t  y + f t(n  / p ) / f t  x + ft(n / p ) / f t y  -  
-  [Sn  /  3P l ( f t (®  / p ) / f t  x + ft (n  / p ) / f t  y l l
P l a n e ,  3 ~ d i m e n s l o n a l  f l o w .
ftE /ft t  + ft(ra(E + p ) / p ) / f t  x + ft*n(E + p ) /p ) / f t  y + f t (q (E+  P)/p)/ft z -
f k /  r i  p 2 ( p  / p ) / s  x 2 + ^ 2 <p / p ) / a  y 2 +  ft2 ( p  / p)/?* x2! +
+ ^(ft / ft  x ) [ f t (m / p ( 2/ft  x -  {an  / 3 pK 7 * V1 + { n / p i  f f t ( m/ p ) / f t y+
+ / p ) / f t x )  + {q /  p) {ft (q / p ) / f t  x + ft(m / p ) / f t  *11 +
+ p,(ft/ ft y) {{in /p l{f t (m  / p)/ft y + f t(n  / p ) / f t  x) + f t (n  / p ) 2/ft y +
- {an / 3 p l { V  ■ v l  + {q / p i  { ft(n /p ) / fc  * + ft(q / p ) / f t  y l  +
+ ii(ft / ft  *) f f m  / P l [ f t ( q  / P) /ft x + ft(m / p ) / f t  *1 +
+ { n /  plCft(n / p ) / f t  * + ft(q / p ) / 73 y) + ft(q /p ) ' ' /&  * -
-  { 2q / 3 P l { V  - VI
w here
V - V -  {ft(m / p )  /ft x  1 + { ft(n / p )  /ft  y l  + {ft (q  / p) /  ft *1
XABIZ 3*3 ( c o n t i n u a t i o n )
Ax1 sy m m e t r i c  f l o w .
d ( r E )  / a  t  + a [  (E +  p)m / p )  /  a x + 3 { r ( E  + p ) n  / p )  / a  r  «
+ {k /R )  / f t  r  { r d  / a r  (p  / p ) )  + r<j2 ( p / P ) / ^ x 2!  +
+U{2(3  / a  r ) f r ( a ( n  / p )  / a  r  -  1 / 3 ( V  • V ) ) )  +
+ r ( 3 / a  x ) ( a ( n  / p )  / a  x + a(m / P) /  a r ) ) ( n  / p )  +■
+ g,(a/a r { r { a ( n  /  p ) / a  x + a(ra / p ) / a  r l l  + 2ra  / a *  f a ( m / p ) / a x  
-  1 / 3<v  • V)1 (m / p)
w h e re
V * V = a(m / p ) / a  X  + a ( n  / P) / a  r  + n  /  p r
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and
E -  p / ( V - D  +  PV 2/ 2
(3 .26)
E q u a t i o n  3*26 I s  d e r i v e d  i n  R e f e r e n c e  
SumMiry o f  C o n s e r v a t i o n  E q u a t i o n s
T i e  c o n s e r v a t i o n  e q u a t i o n  a s  u s e d  i n  t h i s  s t u d y  a r e  o f  t h e  form
Ut  -  Fx [U] + Gr [U] + H[U]
w h e re  t h e  s u b s c r i p t s  d e n o t e  p a r t i a l  d i f f e r e n t a t i o n ,  i . e . ,
F [U] -  d F [U ] a n d  t h e  q u a n t i t i e s  U, F ( U ] ,  G [U ] ,  a n d  H[U] a r e  n -x  ^ x
s p a c e  v e c t o r s .  F [ 0 ]  means t h a t  t h e  v e c t o r s  F i s  a f u n c t i o n  o f  t h e  
e l e m e n t s  o f  U. The c o n s e r v a t i o n  e q u a t i o n s ,  E q u a t i o n s  3*^> 3 . IT ,  
a n d  3 * 2 3  c a n  b e  p u t  i n  t h e  a b o v e  form i f  t h e  a s e u s r p t l o n  o f  n e g l l b l e  
v i s c o u s  and  h e a t i n g  e f f e c t s  a r e  m ade .  N o t i c e  t h e  v i s c o u s  t e r m s  w h ic h  
h a v e  b e e n  d r o p p e d  a r e  f u n c t i o n  o f  U and  i t s  d e r i v a t i v e s .  V a r i o u s  
fo rm s  o f  t h e  c o n s e r v a t i o n  e q u a t i o n  i n  v e c t o r  fo rm  a r e  shown I n  
T a b l e  3 . U .
CHARACTERISTICS ANALYSIS
B e f o r e  p r e s e n t i n g  a  d i s c u s s i o n  o f  t h e  method o f  c h a r a c t e r i s t i c s
s o l u t i o n  a n  e x p l a n a t i o n  o f  t h e  b a s i c  t e r m i n o l o g y  i s  i n  o r d e r .
Mach L i n e s .  Mach Waves.  Mach A n g le
Llepm ann and  Roshfco, R e f e r e n c e  3*7 ,  d e f i n e  t h e  Mach a n g l e ,
Mach w ave ,  and  Mach l i n e s  a s  f o l l o w  :
The a n g l e  a  i s  s i m p l y  a  c h a r a c t e r i s t i c  a n g l e  a s s o c i a t e d  
w i t h  t h e  Mach number  M by  t h e  s e l e c t i o n




TABLE 3.4  












^nre - - e { a s , r e +e' - < f  + P > r ‘ + t _ng
P
+ €p
{<1 i ( - f ) r e











( 3 .2 4 )
Where :
/
1 . e -  0, 0 = o, and { “ o for 1-D.
2. € * 0,
4
0 * 1 , and
oII for 2-D.
3. € -  0,
/
6 * 1 . and { » 1 for 3-D.
4. C -  1 ,
/
0 - 1 , and C -  0. and y -  r for
U3
I t  1b c a l l e d  t h e  Mach a n g l e .
The l i n e  o f  I n c l i n a t i o n  or w h ic h  may be  d raw n  a t  any  
p o s i t i o n  I n  t h e  f l o w  f i e l d  a r e  c a l l e d  t h e  Mach l i n e s  and  
s o m e t im e s ,  Mach w a v e s .  The l a t t e r  name, h o w e v e r ,  I s  m s *  
l e a d i n g  f o r  I t  I s  o f t e n  u s e d ,  a m b i g u o u s l y ,  f o r  t h e  v e a !t 
b u t  f i n i t e  w aves  t h a t  a r e  p r o d u c e d  by e s m l l  d i s t u r b a n c e s .
The t e r m  Mach wave I s  u s e d  f o r  c o n v e n i e n c e  t o  i d e n t i f y  t h e  
v e r y  weak w aves  t h a t  a r e  o f t e n  fo und  In  sh ad o w g rap h  p i c t u r e s .  When 
b o u n d a r i e s  c a u s e  t h e  c o a l e s c e n c e  o f  Mach l i n e s  a  s h o c k  wave i s  
e v e n t u a l l y  fo r m ed .  N o t i c e  when t h e  f lo w  I s  s u b s o n i c  t h e  Mich 
a n g l e  i s  u n d e f i n e d .
The Method o f  C h a r a c t e r i s t i c s
The c o n s e r v a t i o n  law f o r  2-D a n d  a x l s y m s e t r l c  f l o w  a r e  r e p r e s e n t e d  
by a  s y s t e m  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  I n f e r e n c e s  5 . 8 .  P u t t i n g  
t h e  c o n s e r v a t i o n  e q u a t i o n  i n  a  c h a r a c t e r i s t i c  c o o r d i n a t e  s y s t e m  r e ­
d u c e s  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t o  s y s t e m s  o f  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s ,  R e f e r e n c e  3 - . t .  A m e thod  o f  c h a r a c t e r i s t i c s  
s o l u t i o n  o f  s u f f i c i e n t  g e n e r a l i t y  t o  s o l v e  t h e  s u p e r s o n i c  plume 
a n a l y z e d  I n  t h i s  i n v e s t i g a t i o n  i s  d e s c r i b e d  i n  R e f e r e n c e  3*9 .
P r o z a n ' s  d e s c r i p t i o n  o f  t h e  method o f  c h a r a c t e r i s t i c s  s o l u t i o n  
( R e f e r e n c e  3 - 9 )  i s  g i v e n  b e lo w .
The r e s u l t i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  w h ic h  d e s c r i b e s  t h e  
f l o w  p r o p e r t i e s  a l o n g  c h a r a c t e r i s t i c s  l i n e s  I s  c a l l e d  t h e  c o m p a t a -  
b i l i t y  e q u a t i o n .  The c o m p a t a b l l l t y  e q u a t i o n  f o r  2 - d l m e n a l o n a l  <r  
a x l a y m m e t r l c  f low  I s ,  w h e re  0  i s  f l o w  d i r e c t i o n ,
( d d )  + (d v )  +  a l n e  y  « +
1 , 1 1  V I » l l  s l n ( 9 + t r )  T
+ sln 'or c o e a  d s  (<jy) -  0
-  d »  1 - «
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Where t h e  s u b s c r i p t s  I and  I I  r e f e r  t o  r i g h t  a n d  l e f t  r u n n i n g  
c h a r a c t e r i s t i c s ,  and  e - 0  f o r  2 - d  l inens  Io n a  1 f l w i  and  * “1 f o r  
a x l s y m m e t r i c  f l o w s .  The c h a r a c t e r i s t i c s  a r e  l i n e s
-  tan(0+o)
^ I . H
C3-29)
N o t i c e  t h a t  e q u a t i o n ,  E q u a t i o n  3 . 2 6  i n c l u d e s  e n t r o p y  g r a d i e n t s
d 8n o rm a l  t o  t h e  s t r e a m l i n e ,  — ; h o w e v e r ,  I t  d o e s  n o t  a c c o u n t  f o ra n
e n t r o p y  g r a d i e n t s  a l o n g  a s t r e a m l i n e .
Shock Wave E q u a t i o n
The m e th o d  o f  c h a r a c t e r i s t i c s  s o l u t i o n  I s  v a l i d  u p s t r e a m  and  
d o w n s t r e a m  o f  o b l i q u e  s h o c k s ;  h o w e v e r ,  t h e  c r o s s i n g  o f  t h e  sh o c k  
wave m u s t  b e  a c c o m p l i s h e d  w i t h  a n  a d d i t i o n a l  c a l c u l a t i o n .  P r o z a n  
f u r t h e r  r e p o r t s  t h a t  t h i s  c a l c u l a t i o n  was  p e r f o r m e d  by  u s i n g  t h e  
f o l l o w i n g  o b l i q u e  s h o c k  r e l a t i o n s
plVnl ’  PSVnS
P1 + plVnl ‘  PS + P2Vn2
V " V  Vt l  t 2
v w " (v ! - v ? v 2
( 3 .3 0 )
( 3 . 3 D
( 3 .3 2 )
( 3 .3 3 )
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w here  Che s u b s c r i p t  1 and  P r e f e r  t o  c o n d i t i o n s  b e f o r e  end e f t e r  
t h e  s h o c k ,  and  t h e  s u b s c r i p t  n  and  t  t o  n o rm a l  and  t a n g m m t i a l
c o m p o n e n t s  t o  t h e  s h o c k .
I n  p e r f o r m i n g  t h e s e  c a l c u l a t i o n s  P r o e a n  d e r i v e d  and  made u se  
o f  t h e  f o l l o w i n g  r e l a t i o n s .
The R a n k i n e - H u g o n i o t  E q u a t i o n :
I + 2+1  £ 2
p 2 v „ i  p eTi  Y‘ l  pi
P 1 Vn2  p 1T2 x t l  +  I S
Y - l  Py
The P r a n d t l  R e l a t i o n
V V ■ _ XzlI, y2
n l  n 2  Y - l  Yhl t l





1 2  .  2 L - a j z l
P1 Yfl 1 0 Y+l
Flow D e f l e c t i o n  A n g l e :
.  " 1  s i n ^  p - 1  ” 16 * t a n  2 c o t p  __1_______ _______  I
M ^(Y+cos2p)+  2
(3-37)
w h e re  6 I s  t h e  l o c a l  i n c l i n a t i o n  o f  t h e  s h o c k  s u r f a c e  w i t h  r e s p e c t  
t o  t h e  u p s t r e a m  f l o w  d i r e c t i o n ,  and  6 l a  t h e  f lo w  d e f l e c t i o n ,  
a n g l e  t h r o u g h  t h e  s h o c k .
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The E n t r o p y  C h a n g e :
‘ 2 ' * 1 »
-X _
fr PV . 2 2 Y^I rW "1)*?  « in S  + 2 nY**\
u  1 +  H r  i  " l n  3 " u  L ■ - — a  ~ ~ g  ]  I
R Y+l (Y+1)M® s ln^B
( 5 . 3 8 )
Boundary C o n d i t i o n s
When a  plume l a  f r e e  o f  shock  waves  t h e  f lo w  f i e l d  c a n  be 
d e t e r m i n e d  by a  s t e p - b y - s t e p  n u m e r i c a l  c a l c u l a t i o n  o f  t h e  
c h a r a c t e r i s t i c s  e q u a t i o n s .  I n i t i a l  I n f o r m a t i o n  a t  t h e  e x i t  p l a n e  
o f  t h e  n o z z l e  and t h e  p r e s s u r e  o u t s i d e  o f  t h e  plume i s  u s u a l l y  
a ssumed t o  be known.
When shock  waves  a p p e a r  i n  t h e  f l e w  f i e l d ,  a  g i v e n  i n i t i a l  
c o n d i t i o n  a t  t h e  n o z z l e  e x i t  and a  c o n s t a n t  b o u n d a ry  p r e s s u r e  a r e  
s u f f i c i e n t  t o  d e t e r m i n e  t h e  f l o w  f i e l d s  u p s t r e a m  and d o w n s t ream  o f  
t h e  I n c i d e n t  s h o ck  by a p p l y i n g  t h e  method o f  c h a r a c t e r i s t i c s .  At 
t h e  shock  s u r f a c e ,  shock  r e l a t i o n s  l i k e  t h o s e  g i v e n  In  E q u a t i o n s  
5 0 - 3 - 3 3  c an  b e  u sed  t o  f i n d  t h e  jumps i n  f l e w  p r o p e r t i e s .
MACH DISC LOCATION TECHNIQUES
As p r e v i o u s l y  s t a t e d  t h e  l o c a t i o n  o f  t h e  t r i p l e  p o i n t  and t h e  shape  
o f  t h e  Mach d i s c  c a n n o t  be l o c a t e d  w i t h  a  method o f  c h a r a c t e r i s t i c s  
a n a l y s i s .  A c o m p le t e  t h e o r y  w h ich  c a n  p r e d i c t  t h e  e x i s t e n c e  o r  
n o n - e x i s t e n c e  o f  t h e  Mach d i s c  h a s  n o t  b e e n  d e v e l o p e d .  T h e r e  a r e  
s e v e r a l  c r i t e r i a  t o  l o c a t e  t h e  t r i p l e  p o i n t  o nce  t h e  e x i s t e n c e  
o f  t h e  Mach d i s c  i s  known. None o f  t h e s e  t e c h n i q u e s  g i v e  a c o m p le te  
s o l u t i o n  t o  t h e  s u b s o n i c  r e g i o n .
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Method o f  Abdelhamld  and h o s a n l h
Abdelhamld  and D o s a n jh ,  R e f e r e n c e  3 - 1 0 ,  h a v e  p ro p o s e d  t h e  f i r s t  
t e c h n i q u e  w here  c o n s i d e r a t i o n  I s  g i v e n  t o  t h e  c o n s e r v a t i o n  e q u a t i o n s  
In  o r d e r  t o  d e t e r m i n e  w here  t h e  Mach d i s c  w i l l  fo rm. They t h e o r i s e d  
t h a t  t h e  Mach d i s c  w i l l  form w here  t h e  c o n s e r v a t i o n  e q u a t i o n s  would 
be  s a t i s f i e d  when a p p l i e d  t o  a  s e c t i o n  p e r p e n d i c u l a r  t o  t h e  c e n t e r -  
l i n e .  F i r s t  t h e y  s o l v e d  th e  s u p e r s o n i c  plume w i t h  a  method o f  
c h a r a c t e r i s t i c s  s o l u t i o n .  I n  t h e i r  c o m p u t a t i o n a l  t e c h n i q u e  th e y  
l o c a t e d  t h e  Mach d i s c  a t  s e v e r a l  p o s i t i o n s  a l o n g  t h e  i n t e r n a l  l i p  
shock  and t h e n  assumed t h e  mass  f lo w  r a t e  p e r  u n i t  a r e a  t h r o u g h  th e  
Mach d i s c  t o  be c o n s t a n t .  They a l s o  c a l c u l a t e d  t h e  mass  f lo w  r a t e  
t h r o u g h  t h e  r e f l e c t e d  shock  from t h e  t r i p l e  p o i n t ,  and  compared 
t h e  t o t a l  c a l c u l a t e d  m ass  f lo w  r a t e  w i t h  t h e  mass  f lo w  r a t e  coming 
o u t  from t h e  n o s z l e .
T h i s  t e c h n i q u e  f a l l s  t o  p r o v i d e  a s o l u t i o n  f o r  t h e  s u b s o n i c  
r e g i o n .  S i n c e  a  method o f  c h a r a c t e r i s t i c s  s o l u t i o n  w i l l  d e t e c t  t h e  
b o u n d a ry  by  a s s u m in g  a  c o n s t a n t  p r e s s u r e  on t h e  b o u n d a ry  t h e  mass  f lo w  
r a t e  c o u ld  be  d e c r e a s i n g  aa  one  t r a v e l s  d ow ns t ream  from t h e  e x i t  
p l a n e .  A l s o ,  t h e  a s s u m p t i o n  o f  c o n s t a n t  mass  f lo w  p e r  u n i t  a r e a  
f o r  t h e  s u b s o n i c  c o r e  w i l l  be  a  good a p p r o x i m a t i o n  f o r  s l i g h t l y  
u n d e re x p a n d e d  J e t s ,  b u t  w i l l  become l e s s  a c c u r a t e  a s  t h e  d e g r e e  o f  
u n d e r e x p a n s i o n  I n c r e a s e s .  These  a p p r o x i m a t i o n s  c o u l d  a c c u m u la t e  
t o  make t h e  r e s u l t s  q u e s t i o n a b l e .
A bde lham ld  and D o s a n jh ,  R e f e r e n c e  3 - 1 0 ,  show a c o m p a r i s o n  o f  
r e s u l t s  o b t a i n e d  w i t h  t h e i r  t e c h n i q u e .  Abde lham ld  and  D o sn a jh
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found t h a t  t h e i r  t e c h n i q u e  l o c a t e d  t h e  Mach d i s c  d o w n s t r e a m  o f  I t s  
a c t u a l  l o c a t i o n .  T h e i r  e r r o r  I n  l o c a t i n g  t h e  Mach d i s c  I n c r e a s e d  
a s  t h e  j e t  i n c r e a s e d  I n  b e i n g  u n d e r e x p a n d a d .
Method o f  Adamson and N l c h o l l s
Adamson and N l c h o l l s ,  R e f e r e n c e  3 . H ,  p o s t u l a t e d  t h a t  t h e  
p r e s s u r e  on t h e  a x i s  b e h i n d  t h e  Mach d i s c  e q u a l s  t h e  a t m o s p h e r i c  
p r e s s u r e .  They d e t e r m i n e d  from n o z z l e  t e s t  t h a t  t h e  Mach r e f l e c t i o n  
i s  s i m i l a r  t o  t h e  lambda s h o ck  o b s e r v e d  w i t h i n  a  n o z z l e ,  and  t h a t  
t h e  v i s c o u s  e f f e c t s  a r e  r a t h e r  i n s i g n i f i c a n t  f o r  t h e  l o c a t i o n  o f  t h e  
Mach d i s c .
T h i s  m ethod  w i l l  work  f o r  h i g h l y  u n d e r e x p a n d e d  J e t s ,  i . e . ,  J e t s  
t h a t  h ave  a l a r g e  d i a m e t e r  d i s c .  A l s o ,  t h i s  m ethod  f a l l s  t o  p r o v i d e  
a s o l u t i o n  f o r  t h e  s u b s o n i c  r e g i o n .  Adamson and N l c h o l l s  f a l l  t o  
a c c u r a t e l y  d e t e r m i n e  t h e  p o s i t i o n  o f  t h e  Mach d i s c  a t  s m a l l  p r e s s u r e  
r a t i o s  w h e re  t h e  Mach d i s c  i s  much s m a l l e r  t h a n  t h e  e x i t  n o z z l e  
d l a m e t e r ,
Method o f  Bowyer .  D ' A t t o r r e .  and Y o s h l h a r a
In  s e e k i n g  a s o l u t i o n  f o r  t h e  Mach d i s c ,  Bowyer ,  D ' A t t o r r e ,  and  
Y o s h l h a r a ,  R e f e r e n c e  3*12 ,  h y p o t h e s i z e d  t h a t  t h e  Mach d i s c  w i l l  fo rm  w h e re  
t h e  f l o w  i s  l o c a l l y  n o rm a l  t o  t h e  I n c i d e n t  f l o w .
T h i s  method  g i v e s  v e r y  good r e s u l t s  f o r  t h e  c a s e s  w h e re  t h e  Mach 
d i s c  i s  a l m o s t  a s t r a i g h t  l i n e  and t h e  f l a w  u p s t r e a m  o f  t h e  t r i p l e  
p o i n t  i s  a l m o s t  p a r a l l e l  t o  t h e  c e n t e r - l i n e  and c o n s e q u e n t l y  p e r ­
p e n d i c u l a r  t o  t h e  Mach d i s c .  The a s s u m p t i o n  o f  o n e • d i m e n s i o n a l  f lo w  
f o r  t h e  s u b s o n i c  r e g i o n  d o e s  n o t  t a k e  i n t o  a c c o u n t  any  v i s c o u s  e f f e c t .
R e f e r e n c e  3,1 '^  u sed  Bowyer ,  D ' A t t o r r e ,  and  Y o s h l h a r a  t e c h n i q u e  
t o  d e t e r m i n e  t h e  l o c a t i o n  o f  t h e  t r i p l e  p o i n t .  I t  was  found  t h a t  
f o r  m o d e r a t e l y  u n d e r e x p a n d e d  J e t s ,  i . e . ,  Mach d i s c  d i a m e t e r  s m a l l  
compared  t o  t h e  e x i t  p l a n e  d i a m e t e r ,  t h e  m ethod  g i v e s  good r e s u l t s .
T h e s e  i n v e s t i g a t o r s  w e r e  t h e  fli^,*: t o  s u g g e s t  a  p r e s s u r e  
i n t e r a t l o n  p r o c e d u r e  t o  d e t e r m i n e  t h e  i n c l i n a t i o n  o f  t h e  r e f l e c t e d  
s h o c k  f rom t h e  t r i p l e  p o i n t .  T h i s  i t e r a t i o n  p r o c e d u r e  i s  u s e f u l  i n  
t h e  f l o w  model w h ic h  w i l l  s u b s e q u e n t l y  be recom m ended ; t h e r e f o r e ,  
t h i s  p r o c e d u r e  w i l l  b e  r e v i e w e d  i n  d e t a i l .
I f  t h e  l o c a t i o n  o f  t h e  t r i p l e  p o i n t  w e re  known t h e  s o l u t i o n  a ro u n d  
t h e  t r i p l e  p o i n t  c o u ld  be  d e t e r m i n e d .  I t  i s  known t h a t  t h e  t r i p l e  
p o i n t  o c c u r s  on t h e  i n t e r n a l  l i p  s h o c k .  T h e re  m ua t  be no  d i s c o n ­
t i n u i t y  i n  f l o w  a n g u l a r i t y  o r  p r e s s u r e  a c r o s s  a  s l i p  l i n e ,  w h ich  
s e p a r a t e d  t h e  s u p e r s o n i c  and s u b s o n i c  r e g i o n s  b e h i n d  t h e  t r i p l e  
p o i n t .  V a r i o u s  s h o c k  l o c a t i o n s  a r e  a ssum ed  and t h e  c o n d i t i o n  o f  
p r e s s u r e  c o n t i n u i t y  and f l o w  a n g l e  c o n t i n u i t y  a c r o t s  t h e  s l i p  l i n e  
I s  s o u g h t .  N o t i c e  t h a t  6 i s  t h e  f lo w  a n g l e  i n  t h e  r e g i o n  w i t h  t h e  
c o r r e s p o n d i n g  Roman n u m e r a l  and s u b s c r i p t  and 6 i s  t h e  t u r n i n g  a n g l e  
c a u s e d  by d o w n s t r e a m  s h o c k  b o u n d i n g  t h e  numbered r e g i o n ,  i . e . ,
6 j. -  t h e  t o t a l  t u r n i n g  a n g l e  b e tw e e n  I and I I  d u e  t o  t h e  i n t e r n a l  
s h o c k  w ave .  T hese  f u n c t i o n a l  r e l a t i o n s  a r e  from F i g u r e
I I
I I I
I I I I I
S ig n  Convent ion
F igu re  3 .1 .  T r i p l e  P o i n t  Angular  R e l a t i o n s
t h e r e f o r e  from E q u a t i o n s  3*39 an<* 3*^0
9 - 0 + 6 + 6
I I I  I I  I I
a l  so
6V + ev " e iv
and from t h e  s l i p  l i n e  c o n d i t i o n s
9 = a
I I I  °IV
Combin ing E q u a t i o n s  3 . ^ 1 - 3*^3 g i v e s
6I + 5II -  6v -  0
Not i c e  t h a t  9 j  E
From o b l i q u e  shock  r e l a t i o n s
P ■ P + fiP I I  I  I
and
P -  P + A P I I I  I I  I I
o r
P I I I  “  P I  + A P ! + " l !
0 . ^ 2 )
(3 .U 3)
(3.U1+)
0 . 4 5 )
0 . 4 6 )
0 .47)
51
and from the s l i p  l i n e  c o n d i t io n
P IV = P I I I
( 3 .1+9 )
t h e n
API + API I  ’  AP
( 5 .5 0 )
I f  th e  l o c a t i o n  o f  t h e  t r i p l e  p o i n t  was known, E q u a t i o n s  
3.1+1+ and 3 .5 0  d e t e r m i n e  a u n iq u e  s o l u t i o n .  The c o m p u t a t i o n a l
p r o c e d u r e  would p r o c e e d  a s  f o l l o w s :
1. 6^ and AP^ o f  E q u a t i o n s  3*1+1+ and 5 .50  a r e  known from a
method o f  c h a r a c t e r i s t i c s  a n a l y s i s .
? .  The s l o p e  o f  t h e  Mach d i s c  a t  t h e  t r i p l e  p o i n t  i s  a ssum ed.
1+. The a n g l e  o f  t h e  r e f l e c t e d  shock  from t h e  t r i p l e  p o i n t  i s  
assumed and p e r t u r b a t e d  u n t i l  a  s o l u t i o n  i s  fo u n d .  I f  a  s o l u t i o n  
c a n n o t  be found t h e n  s t e p s  2-1+ a r e  r e p e a t e d .
Method o f  E as tm an  and  R ad tke
E as tm an  and R a d t k e ,  R e f e r e n c e  p ro p o s e d  t h a t  t h e  t r i p l e
p o i n t  would a p p e a r  a t  a  p o i n t  a l o n g  t h e  I n t e r n a l  l i p  shock  where  t h e  
p r e s s u r e  b e h in d  t h e  shock  h a s  r e a c h e d  a  minimum. T h i s  method I s  
h i g h l y  e m p e r l c a l  and w i t h  no  p h y s i c a l  e x p l a n a t i o n ;  how ever ,  R e f e r e n c e
3. APy i s  e v a l u a t e d  from d a t a  u p s t r e a m  o f  t h e  d i s c  o b t a i n e d  w i t h  
a method o f  c h a r a c t e r i s t i c s .  e v a l u a t e d  from E q u a t i o n  5*50.
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5 . 1 5  found t h a t  t h e  method o f  E as tm an  and R ad tke  g i v e s  good r e s u l t s  
f o r  d i s c  d i a m e t e r  s m a l l  compared w i t h  t h e  e x i t  n o s s l e  d i a m e t e r .
Method o f  Ede lm an .  A b b e t t ,  W e l l e r s t e i n ,  F o r t u n e ,  and Genovese
These  I n v e s t i g a t o r s  h y p o t h e s i s e d ,  R e f e r e n c e  5 - 1 5 ,  t h a t  t h e  t r i p l e  
p o i n t  l o c a t i o n  i s  d e t e r m i n e d  by t h e  r e q u i r e m e n t  t h a t  t h e  f lo w  in  
th e  s u b s o n i c  c o r e  J u s t  dow nst ream  o f  t h e  Mach d i s c  p a s s  sm oo th ly  
t h r o u g h  a s i n g u l a r  t h r o a t - l i k e  r e g i o n  becoming  s u p e r s o n i c .  T h i s  
r e g i o n  i s  assumed t o  be m o s t l y  o n e - d i m e n s i o n a l .
T h i s  i s  t h e  f i r s t  method t h a t  I n c o r p o r a t e d  some o f  t h e  p h y s i c a l  
r e a s o n s  f o r  t h e  f o r m a t i o n  o f  t h e  Mach d i s c .  However,  t h e  s u b s o n i c  
f lo w  i s  m o s t l y  o n e - d i m e n s l o n a l  f o r  s l i g h t l y ,  u n d e re x p an d e d  o r  
o v e re x p a n d e d  f lo w s  o n l y .  From f i g u r e  2 . 1 k  i t  c an  be s e e n  t h a t  t h e  
fLow i n  t h e  s u b s o n i c  r e g i o n s  i s  c o m p r e s s e d ,  t h e r e f o r e  t h e  a s s u m p t io n  
o f  t h e  f lo w  b e i n g  expanded sm o o th ly  I s  n o t  t r u e .
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A s p e c t s  o f  H y p e r v e l o c i t y  R o ck e t  P l u m e s , "  S u p e r s o n i c  F low , 
C h em ica l  P r o c e s s  a n d  R a d i a t i o n  T r a n s f e r . E d i t e d  by  B. D.
0 1 fe  and  Zakkay ,  Pergamon P r e s s ,  pp .  3 0 1 - 2 1 0 ,  I9 6 U.
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5 - 1 ?  F a r m e r ,  R. C . ,  McGimsey, L.  R . , P r o z a n ,  R. J . ,  and  R a t c l i f f ,
A. W., " V e r i f i c a t i o n  o f  a  M a t h e m a t i c a l  Model Which R e p r e ­
s e n t s  L a r g e  L i q u i d  R o c k e t - E n g i n e  E x h a u s t  P l u m e s , "  AIAA 
P a p e r  No. 66-650, J u n e  15-17, 1966.
% lU E a s tm a n ,  D. W . , and  R a d t k e ,  L.  D . ,  " L o c a t i o n  o f  t h e  Normal 
Shock Wave i n  t h e  E x h a u s t  Plume o f  a  J e t , "  AIAA J o u r n a l  
V o l .  1,  No. U, A p r i l  1965 .
5 . 1 5  E d e lm a n ,  R. B , ,  A b b e t t ,  M. J . ,  W e i l e r s t e i n ,  G . ,  F o r t u n e ,  0 . ,  
and  G e n o u e s e ,  J . ,  "Some A s p e c t s  o f  V i s c o u s  C h e m i c a l l y  
R e a c t i n g  M o d e r a t e  A l t i t u d e  R o c k e t  E x h a u s t  P l u m e s , "  G e n e r a l  
A p p l i e d  S c i e n c e  L a b o r a t o r i e s ,  R e p o r t  No. GASL TR 737 ,  





The b a s i c  i d e a  b e h i n d  t h e  t im e  d e p e n d e n t  t e c h n i q u e s  i s  t h a t  
one i s  a b l e  t o  f i n d  s t e a d y - s t a t e  s o l u t i o n s  by a s s u m in g  t h e  p ro b le m  
t o  be an  u n s t e a d y  o n e .  The n a t u r e  o f  t h e  e q u a t i o n s  w h ic h  d e s c r i b e  
g a s  dynam ics  f lo w s  a r e :  h y p e r b o l i c  i n  t h e  s u p e r s o n i c  r e g i o n ,
e l l i p t i c  i n  t h e  s u b s o n i c  r e g i o n ,  and  p a r a b o l i c  i n  t h e  s o n i c  r e g i o n ,  
R e f e r e n c e  U . l .  When g a s  d y n am ics  f l o w s  v a r y  such  t h a t  t h e  n a t u r e  
o f  t h e  f low  c h a n g e s  w i t h i n  t h e  f low  f i e l d ,  t h e y  a r e  s a i d  t o  be 
mixed f l o w s .  H y p e r b o l i c ,  p a r a b o l i c ,  and e l l i p t i c  p r o b le m s  have  
d i f f e r e n t  m a t h e m a t i c a l  s o l u t i o n s  e a c h  one r e q u i r i n g  a p r i o r  k n o w l ­
edge  o f  t h e  t y p e  o f  f lo w  u n d e r  c o n s i d e r a t i o n .  T h i s  means mixed 
f low  p r o b le m s  a r e  e s p e c i a l l y  d i f f i c u l t  t o  s o l v e .  I t  h a s  been  ob ­
s e r v e d  t h a t  i f  one t a k e s  t h e  v a r i a b l e s  t o  be a f u n c t i o n  o f  t im e  and 
s p a c e ,  t h e  s t e a d y  e q u a t i o n s  w h ic h  w ere  mixed  in  n a t u r e  c a n  be 
s o l v e d  a s  a s y m p t o t i c  s o l u t i o n s  t o  t h e  c o r r e s p o n d i n g  u n s t e a d y  p r o b l e m ,  
R e f e r e n c e s  ^ . 2  and U. 3 .  One c o u l d  t h e n  a n a l y z e  t h e  p r o b l e m  by 
im p o s in g  s t e a d y - s t a t e  b o u n d a ry  c o n d i t i o n s  and a n  a r b i t r a r y  d i s t r i ­
b u t i o n  o f  t h e  v a r i a b l e s  a t  an i n i t i a l  t i m e ,  t " 0 ,  and l e t  t h e  f lo w  
e v o l v e  i n  t i m e .  T h i s  i s  t h e  i d e a  p r o p o s e d  by Lax and W e n d r o f f ,  
R e f e r e n c e s  U . U - 4 . 6 .
CONSERVATION LAM FORM
The L a x - W e n d r o f f , R e f e r e n c e s  U . 4 - 4 , 6 ,  i d e a  o f  i n t e g r a t i n g  t h e  
t im e  d e p e n d e n t  e q u a t i o n s  d e p e n d s  s t r o n g l y  on p u t t i n g  t h e  e q u a t i o n
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i n  c o n s e r v a t i o n  fo rm o r  d i v e r g e n c e  f r e e  fo rm .  The m ean ing  o f  t h e s e  
t e rm s  w i l l  be e x p l a i n e d  In  t h e  f o l l o w i n g  s e c t i o n .
C o n s e r v a t i o n  E q u a t i o n s
Assume t h a t  a v e c t o r  d e n s i t y  Q i s  d e f i n e d  i n  a domain  D » 
bounded  by a s u r f a c e  S w i t h  o u tw a rd  n o rm a l  n ;  t h e n  by t h e  G a u s s i a n  
d i v e r g e n c e  th e o re m
j  V-QdA -  f Q " ndS -  cpJD J s  ( | ) a )
w here  dA i s  t h e  e l e m e n t  o f  v o lu m e ,  dS i s  an  e l e m e n t  o f  s u r f a c e ,  and 
cp i s  t h e  s c a l a r  f l u x  o f  Q t h r o u g h  t h e  s u r f a c e  S .  I f  t h e  s u r f a c e  S 
i s  moving  i n  s p a c e ,  t h e  s u r f a c e  can  be s p e c i f i e d  by t h e  p o s i t i o n  
v e c t o r  r ,  w h ic h  moves w i t h  v e l o c i t y  v ( r , t )  t h e n  i t  c a n  be shown, 
R e f e r e n c e  b . 7 , t h a t
§ ?  * + I t  + V x (S x v ) ) - n d S .
< b . ? )
I f  a s c a l a r  U i s  d e f i n e d  a s  U"V*Q t h e n  d i f f e r e n t i a t i n g  
E q u a t i o n  b . l  by t  and l e t t i n g
-F  -  + 7 x (Q x V)
P * .3 )
one o b t a i n s
k f DUdA -  | S ( U V - F } - ^ S .
E q u a t i o n  b . b  i s  t h e  I n t e g r a l  fo rm  o f  a c o n s e r v a t i o n  law .  The r a t e  
o f  c h a r g e  o f  a q u a n t i t y  U c o n t a i n e d  In  a dom ain  D i s  e q u a l  t o  t h e  
f l u x  e n t e r i n g  D t h r o u g h  t h e  moving  b o u n d a ry  S .  N o t i c e  t h a t  t h e
s c a l a r  U and F a r e  n o t  i n d e p e n d e n t  of e a c h  o t h e r .  T a k i n g  t h e  
d i v e r g e n c e  o f  E q u a t i o n  ^ . 5  and t h e  d e f i n i t i o n  o f  U one o b t a i n s
w here
r e s u l t i n g  i n
- 7  • F -  V - ( d Q / d t )  + V. ( (V x (Q x V)}
V • ( (V x Q x  V )]  * 0
. h )
a / d t ( V * Q )  -  -V-F
or
U t  -  - V + F
( h . G )
C ' . Y )
E q u a t i o n  h . J  I s  i n  d i v e r g e n c e  f r e e  fo rm o r  c o n s e r v a t i o n  fo rm .  
D i s c o n t i n u i t i e s  i n  C o n s e r v a t i o n  E q u a t i o n s
H y p e r b o l i c  s y s t e m s  such  a s  t h e  one d e s c r i b e d  i n  E q u a t i o n  U.7  
c o u ld  d e v e l o p  d i s c o n t i n u i t i e s  i n  t im e  e v e n  th o u g h  t h e  i n i t i a l  d a t a  
a r e  sm o o th .  S u p p o se  t h a t  F and U h ave  d i s c o n t i n u i t i e s  a c r o s s  
a h y p e r s u r f a c e  a ( r , t )  •  c o n s t . ,  t a k i n g  t h e  d i f f e r e n t i a l  o f  s u ch  a 
s u r f a c e  g i v e s
I f  d t  + 1 ^ -  dx1 dx2 + . . .  dxm -  0 ,
(Jv.8)
or
do d t  + 7 „ a • d r  ■ 0
^  “ 0 * . 9 )
and in  t h e  l i m i t
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Where V i s  t h e  l o c a l  v e l o c i t y  of  p r o p a g a t i o n  o f  t h e  d i s c o n t i n u i t y  
F i g u r e  U . l  i s  a p i c t u r e  o f  a c y l i n d r i c a l  e l e m e n t  o f  volume c r o s s e d  
by th e  h y p e r s u r f a c e  a ( r , t )  ■ c o n s t .  The s u r f a c e  d i v i d e s  t h e  
e l e m e n t  o f  volume i n t o  two p a r t s  s u r f a c e s  d8x and dS^ a r r  bo th  
p a r a l l e l  t o  t h e  h y p e r s u r f a c e .  E q u a t i o n  U.U becomes
§ddAUdA -  Ls/U V-FH -iudS + J dSi(UV-F)2 -n2dS
+J  ( U V -F ) -n d s '
s i d e  o f  c y l i n d e r  ^
I n  th e  l i m i t  a s  dA -* 0 t h e  s u r f a c e s  dSi  and dS2 c o i n c i d e  w i t h  
th e  s u r f a c e  d i s c o n t i n u i t y  t h e n  n i  “  - n2 f  and s i n c e  dS1 -* 0 ,  t h e n  
E q u a t i o n  f+ . l l  becomes
( U V - F ) i - n i  + (UV-F)£ *ne -  0 .
( '+-12)
or
[ u v - n x - F - n i ]  *  O.
(U.15)
where  t h e  n o t a t i o n ,  [ X ] ,  s i g n i f i e s  a jump in  th e  q u a n t i t y  X- 
a c r o s s  th e  d i s c o n t i n u i t y  s u r f a c e .  The u n i t  v e c t o r  nj. no rm a l  t o  t h e  
h y p e r s u r f a c e  i s  g i v e n  by
V j r C T
^  “ | V |
(U.Ut)
and by E q u a t i o n  U.10
d a / S t  +  * 0
(U .15 )
F ig u re  - . 1  Element o f  Volume Crossed by D i s c o n t i n u i t y
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o r
r. -  - d o / d t  ~
v - n i  x
( ‘*.16 )
w here  \  i s  t h e  l o c a l  v e l o c i t y  o f  p r o p a g a t i o n  o f  t h e  d i s c o n t i n u i t y  
a l o n g  t h e  n o r m a l .  E q u a t i o n s  ^ . 1 3  and U.16  g i v e  t h e  g e n e r a l i z e d  
R a n k i n e - H u g o n i o t  r e l a t i o n
[ X u - F - n x ] -  0
o r
T [u ]  -  [ F - n i ] .  
f o r  s t a t i o n a r y  d i s c o n t i n u i t i e s  E q u a t i o n  ^ . 1 8  becomes
[ F * r » i ]  -  0
Weak S o l u t i o n
0 . 1 7 )
0 -18)
0 . 1 9 )
H y p e r b o l i c  e q u a t i o n s  c a n  d e v e l o p  d i s c o n t i n u i t i e s  a f t e r  a f i n i t e  
t im e  h a s  e l a p s e d .  To overcom e t h i s  d i f f i c u l t y  t h e  c o n c e p t  o f  weak 
s o l u t i o n  i s  i n t r o d u c e d .  In  e s s e n c e  t h e  weak s o l u t i o n  c o n c e p t  c o n ­
s i s t s  o f  s a t i s f y i n g  th e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  on b o th  s i d e s  
o f  a d i s c o n t i n u o u s  s u r f a c e  and o b e y i n g  t h e  R a n k i n e - H u g o n i o t  c o n d i t i o n  
a c r o s s  th e  s h o c k .  R e f e r e n c e  U .8  g i v e s  a m a t h e m a t i c a l  d e s c r i p t i o n  o f  
weak s o l u t i o n  t h e o r y .
From t h e  p r e v i o u s  p a r a g r a p h s ,  p l a c i n g  t h e  c o n s e r v a t i o n  e q u a ­
t i o n s  i n  a d i v e r g e n c e  f r e e  fo rm  i s  e s s e n t i a l  t o  d e r i v e  t h e  g e n e r a l i z e d  
R a n k i n e - H u g o n i o t  c o n d i t i o n s .
LAX-WENPROFF DIFFERENCE TECHNIQUE
Lax and  W e n d r o f f ,  R e f e r e n c e  p r e s e n t e d  a scheme t o
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d i f f e r e n c e  t h e  c o n s e r v a t i o n  e q u a t i o n s  I n  one d i m e n s i o n .  T h i s  
scheme I s  o f  s e c o n d  o r d e r  a c c u r a c y .  U s i n g  t h e  f o l l o w i n g  scheme 
Lax and W e n d r o f f  p o s t u l a t e d  t h a t  weak s o l u t i o n s  a r e  o b t a i n e d  t h a t  
s a t i s f y  t h e  R a n k i n e - H u g o n i o t  c o n d i t i o n s .  The c o n s e r v a t i o n  e q u a ­
t i o n s  c a n  be w r i t t e n  a s  f o l l o w s
t h e  p r e c e d i n g  t e r m  I s  a f u n c t i o n .  The e n c l o s e d  t e r m  w i l l  s t a t e  th e  
c o o r d i n a t e s  o f  t h e  p o i n t  i n  s p a c e  and t i m e ,  w here  U I s  e v a l u a t e d  
i n  t h e  o r d e r  x , r , t .  S u b s c r i p t s  i n d i c a t e  p a r t i a l  d i f f e r e n t i ­
a t i o n  f rom  t h i s  p o i n t  o n .  The s y s t e m  o f  e q u a t i o n s  r e p r e s e n t e d  in  
E q u a t i o n  U.20  i s  a s y s t e m  o f  q u a s i - l i n e a r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n .  The v e c t o r  U i s  a p h y s i c a l  q u a n t i t y  p e r  u n i t  vo lum e.
Lax and W e n d r o f f  e x p a n d e d  t h e  v e c t o r  i n  a T a y l o r  s e r i e s  e x p a n s i o n  
r e t a i n i n g  t e r m s  up  t o  s e c o n d  o r d e r  a c c u r a c y .
w h e r e  u [ N , j ]  r e p r e s e n t s  t h e  v e c t o r  U e v a l u a t e d  a t  t h e  g r i d  p o i n t  
[ N , j ]  i n  t h e  g r i d  n e t w o r k ,  Bee F i g u r e  b . 2 .  N o te  U i s  a f u n c t i o n  
o f  x and  t  and t h a t  t h e  N , J  g r i d  p o i n t  r e p r e s e n t s  a p a r t i c u l a r  x 
and  t  d e n o t e d  by  N , J .
The d e r i v a t i v e s  i n  E q u a t i o n  ^ . 2 1  a r e  a p p r o x i m a t e d  a s  f o l l o w s .  
From t h e  c o n s e r v a t i o n  e q u a t i o n ,  E q u a t i o n  k . 2 0 ,
U [ j ,N+1 ]  -  U [ J , N ]  + At Ut  [ J , N ]
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t




F i g u r e  h . 2  G r i d  N e tw o rk
64
Ut  [ j , N ]  -  - F x [ J , N ]
The s e c o n d  o r d e r  d e r i v a t i v e  I s  a p p r o x i m a t e d  aa  f o l l o w s
u t t  Cj .n ] -  - (u t )c C j .n ]
S u b s t i t u t i n g  E q u a t i o n  4.22 i n t o  E q u a t i o n  4 . 2 3  g i v e s
Ut t  [ J , N ]  -  ( - F x ) t  Cj ,n ]
C h a n g in g  th e  o r d e r  o f  i n t e g r a t i o n  g i v e s
Ut t  [ j , n ] -  - ( F t )x Cj .n ]
( 4 . 2 ?)
( ^ . 2 5 )
(4.24)
and
Ffc -  A Ut
( 4 . 2 3 )
( 4 . 2 6 )
w here  t h e  m a t r i x  A i s  th e  J a c o b i a n  o f  F t .
S u b s t i t u t i n g  E q u a t i o n  4,26 i n t o  E q u a t i o n  4.25 and t h e  r e s u l t  
i n t o  E q u a t i o n  4.21 and a l s o  s u b s t i t u t i n g  E q u a t i o n  4.22 i n t o  
E q u a t i o n  4.21 g i v e s
U [ j » N + l ]  -  U [ J , n ] - (A t )  Fx  C J .N ]  +
+ C At )£ / 2^) ( A F x )
V  y (4.27)
The f i n i t e  d i f f e r e n c e  scheme f o r  E q u a t i o n  4 . 2 7  1® o b t a i n e d  by 
a p p r o x i m a t i n g  s p a c e  d e r i v a t i v e  w i t h  c e n t r a l  d i f f e r e n c e ,  a s  f o l l o w s




(AFx )x[ j , N ]  -  ( l / A x ) ( A F xC j ^ , H ]  -AFx[ j - i , N ] )
(m . 2 9 )
( 1 . 3 0 )
and e x p a n d in g  a g a i n
(AFX)X [j ,n3 -  ( 1 / A x )  (a[j-^,n] (1/Ax) ( f [ j + 1 , n ]  - 
F { J , N 1 )  + A ( J - l , N] (1/AX) ( F f J . N ]  F [ J - 1 , N] ) )  
w here  t h e  m a t r i x  a r e  e v a l u a t e d  as  f o l l o w s
A[j+£,n] -  A [( i )  (u[ j+1,n] + u[ j ,n3)3
and
A [j-£,N] " A[ (*) ( U [ J , N ]  + C[j-1,n3)3
( 1 . 3 2 )
S u b s t i t u t i n g  E q u a t i o n  h .50 and 1 . 2 8  i n t o  E q u a t i o n  1 . 2 7  and 
u s i n g  E q u a t i o n  1 . 3 1  and 1 . 3 ?  t o  e v a l u a t e  t h e  m a t r i x  A a t  t h e  m id ­
p o i n t  t h e  d i f f e r e n c e  scheme i s  o b t a i n e d
U [ j , N + l ]  -  GCj .N]  - ( A t / 2 A x )  [ f [ J + 1 , n ]  -
- f [ j - i ,n 3 ]  + (£) ( A t / A x ) 2 {a[j+&,n3 (f[j+i,n3 -
- fCj ,n3) - a[ j -# ,n] (f[ j ,n] - f[ j- i ,n]}}
( 1 . 5 3 )
Even though  E q u a t i o n  1 . 53 shows a n  e x p l i c i t  e q u a t i o n  to  
e v a l u a t e  t h e  v e c t o r  G i t  r e q u i r e s  much c o m p u t a t i o n  i n  o r d e r  t o  
e v a l u a t e  th e  m a t r i x  A. I n  o r d e r  t o  c i r c u m v e n t  th e  p ro b le m  th e  two- 
s t e p  L ax -W en d ro f f  scheme h a s  been  d e v e l o p e d .  The t w o - s t e p  t e c h n i q u e s  
h ave  t h e  a d v a n t a g e  t h a t  t h e  t r a n s f o r m a t i o n  m a t r i x ,  A, does  n o t  a p p e a r  
i n  t h e  c o m p u t a t i o n ,  a s  i t  w i l l  be shewn in  t h e  n e x t  s e c t i o n .
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MacCORMAtX DIFFERENCE SCHEME
A f t e r  Lax and W en d ro f f  p r e s e n t e d  t h e i r  scheme f o r  n u m e r i c a l l y  
i n t e g r a t i n g  th e  c o n s e r v a t i o n  e q u a t i o n s  many i n v e s t i g a t o r s  have  
p ro p o s e d  d i f f e r e n t  t w o - s t e p  t e c h n i q u e s .  The i d e a  o f  th e  t w o - s t e p  
t e c h n i q u e  I s  t o  e v a l u a t e  p r o v i s i o n a l  v a l u e s ,  f o rw a rd  i n  t im e ,  o f  
th e  v e c t o r  U and t h e n  u se  t h i s  p r e d i c t e d  v a l u e  In  o r d e r  to  e v a l u a t e  
a new v a l u e  o f  t h e  v e c t o r  U. T h i s  t w o - s t e p  t e c h n i q u e  i s  o f  s ec o n d  
o r d e r  a c c u r a c y  and e l i m i n a t e s  the  e v a l u a t i o n  o f  t h e  t r a n s f o r m a t i o n  
m a t r i x ,  M o r e t t i ,  R e f e r e n c e  ^ . 9 ,  h a s  a s u r v e y  of t w o - s t e p  t e c h n i q u e s .  
T he re  i s  no  c l e a r  a d v a n t a g e  o f  u s i n g  one t e c h n i q u e  o v e r  any o t h e r .
The t e c h n i q u e  c h o s e n  i n  t h i s  work  i s  t h e  one p ro p o s e d  by MacCormack
R e f e r e n c e  h . 1 0 .  I t  was c h o s e n  b e c a u s e  o f  t h e  e a s e  o f  c o m p u t a t i o n  and I t
i s  o f  s econd  o r d e r  a c c u r a c y .  The MacCormack scheme was u sed  t o  
s o l v e  th e  c o n s e r v a t i o n  e q u a t i o n s  f o r  an  a x i s y m e t r i c  p lum e.  In  such  
a sy s tem  t h e  c o n s e r v a t i o n  e q u a t i o n s  t a k e  t h e  form
Ut  “  Fx +  Gr  + H
(<*.!*>
where  U, F ,  and H a r e  co lumn v e c t o r s ,  s e e  E q u a t i o n  J>.2k.
F i r s t  S t e p
The v e c t o r  U i s  e x p an d ed  in  a T a y l o r  s e r i e s  e x p a n s i o n  a round  
th e  p o i n t  w here  I , J , N  r e f e r  t o  t h e  x , r , t ,  c o o r d i n a t e s ,
see  F i g u r e  U .3 ,
U* [ l , J , N + l ]  -  U [ i . J . N ]  + At Ut
C^.35)
w here  t h e  a s t e r i s k ,  * ,  r e f e r s  t o  p r o v i s i o n a l  v a l u e s  o f  U computed 
a t  an  e x t r a p o l a t e d  t i m e .  S u b s t i t u t i n g  t h e  d i f f e r e n t i a l  e q u a t i o n
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t
F i g u r e  4 . 3  A x i sym m etr ic  G r id  Network
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i n t o  E q u a t io n  4 . 3 5  g i v e s
U* [ l , J , N + l ]  -  U [ l , J , N ]  +  i t  {F„ +  Gr  + H]
( ^ . 56)
U sin g  f o r w a r d  d i f f e r e n c e  t o  a p p r o x i m a t e  t h e  s p a c e  d e r i v a t i v e s  
i n  E q u a t i o n  4 . 3 6  g i v e s
U" [ l , J , N + l ]  -  U [ l , J , N ]  +  (A t /A x )  {F [ l + l , J , N ]  -
- f  C i , j ] }  + ( a t / d r )  { g  [ i , j + i , n ]  - g C i . j . n ] }  +
+  A t  H [ i , J , n ]
f1* .37)
E q u a t i o n  ^ . 3 7  i s  u s e d  t o  e v a l u a t e  t h e  p r o v i s i o n a l  v a l u e s  of 
U a t  a t im e  t G + nA t .
S econd  S t e p
The d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  4 . 34 , i s  c e n t e r e d ,  i . e . ,  
e v a l u a t e d  a t  a p o i n t
Ut  “  Fx [ l , J , N + f c ]  + G [ l , J , N + f c ]  +  H [ i . J . N + f e ]
(4 .3 8 )
The t im e  d e r i v a t i v e  i s  a p p r o x i m a t e d  u s i n g  c e n t r a l  d i f f e r e n c e .  
The s p a t i a l  p a r t i a l  d e r i v a t i v e s  a t  t h e  h a l f  p o i n t  i n  t im e  a r e  
a v e r a g e d  f rom  t h e  v a l u e s  a t  t im e  t o  and  t h e  p r o v i s i o n a l  v a l u e  a t  
t im e  t Q +  n A t .  E q u a t i o n  4 . 3 8  becomes
U [ l , J , N + l ]  -  U [ l , J , N ]  + {A t / 2 ]  { Fx [ l , J , N ]  + Fx *[ X , J ,N+l]}  +
+  ( A t / 2 3 ( G r  C l , J , N ]  -tGr [ l , J , N + l ] }  +
+ {A t / 2 ]  ( h C i , j ,n ]  +  H* [ l , J , N + l ] ]
(4. 39)
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w here  f £ [ l , J , N + l ]  meanB t h e  p a r t i a l  o f  F w i t h  r e s p e c t  t o  x 
e v a l u a t e d  a t  a t im e  t - fA t ,  x+Ax, and  r+Ar u s i n g  t h e  v a l u e s  of U'  to
e v a l u a t e  t h e  v e c t o r  F s i n c e  F i s  a f u n c t i o n  o f  U, i t  can  be
e v a l u a t e d  by s u b s t i t u t i n g  U i n t o  F.  To e v a l u a t e  F* [ l , J , N + l ]  th e  
v a l u e  o f  U* [ i , J , N + l ]  i s  u s e d .  R e a r r a n g i n g  E q u a t i o n  g i v e s
U C I , J  ,N+l]  = [$ } {u  [ i . J . n ] + A t  Fx [ I , J , n ] +
+ At  Gr  [ i . J . N ]  + At  H +
+ ( A t ( ? )  F* [ l , J , N + l ]  +  ( A t / 2 )  [ l , J , N + l ]  +
+ ( A t / 2 )  H* [ l , J , N + l ]
(U.40)
The t e rm s  i n  b r a c e s  e q u a t i o n  h .U o  i s  s i m p l y  j u s t  E q u a t i o n  U . 3 6 . 
E q u a t i o n  u . 36 i n t o  UJtO and u s i n g  backw ard  d i f f e r e n c e  t o  e v a l u a t e  
Fx , g i v e s  t h e  s e c o n d  s t e p .
U [ l , J , N + l ]  * (fc) {0 [ l , J , N ]  + U* [ l , J , N + l ]
(A t /A x )  [F* 1 1 , J  ,N + l]  -  F* [ l - l , J , N + l ] }  +
+ ( A t / A r )  {g * [ l , J , N + l ]  -  G* [ I , J - l , N + l ] }
+ H* [ l , J , N + l ] } }
(A.A1)
MacCormack s u g g e s t e d  t h a t  g r e a t e r  s t a b i l i t y  m ig h t  be o b t a i n e d  by 
u s i n g  a c y c l i c  p r o c e d u r e  o f  u s i n g  a f o r w a r d  and backw ard  d i f f e r e n c e  
i n  t h e  f i r s t  c o m p u t a t i o n  and  i n  t h e  s e c o n d  c o m p u t a t i o n  u s i n g  a 
backw ard  and f o r w a r d  d i f f e r e n c e ,  f o r  t h e  s p a c e  d e r i v a t i v e s .  For 
t h e  backw ard  and  f o r w a r d  d i f f e r e n c e  t e c h n i q u e  t h e  e q u a t i o n  t a k e s  
th e  fo rm :
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F i r B t  S t e p
U * l l , J , N + l 3  -  U [ l , J , N ]  + (A t /A x){F  [ i . J . N ]  - F [ I - 1 » J , n] )  +
+ (A t / A r  )[G [ i , J , n 3  - G [ I , J - 1 , n 3 3  +
+ At H [ l , J , N ]
(*+
Second S t e p
U t l , J , N + l 3  -  ( $ )  [V [ i , j , n ]  +  U* C i , J , N + 1 ]  +
+ (A t / A r  ){ f * [ i +1 , J , N + 1 ]  - F* [ l , J , N + l 3 ]  +
+ (A t /A r  ){G* [ l , J + l , N + l ]  - G* [ l , J , N + l ] }  +
+ A t  H* [ i . J . N + l ] }
(4 . 4 3 )
DAMPING TERM
S e v e r a l  I n v e s t i g a t o r s  have  found t h e  Lax and W en d ro f f  t e c h n i q u e
t o  be u n s t a b l e  w here  s h a r p  d i s c o n t i n u i t i e s  o c c u r .  The p h i l o s o p h y
o f  u s i n g  damping mechanisms t o  c o n t r o l  t h e s e  i n s t a b i l i t i e s  was 
r e p o r t e d  by Lax and W e n d r o f f .  R e f e r e n c e s  4 . 1 1  and 4 . 1 2  u s ed  t h i s  
damping scheme t o  p e r f o r m  c a l c u l a t i o n s .  L a t e r ,  t h e s e  schemes were  
improved s p e c i f i c a l l y  t o  g e t  b e t t e r  r e s o l u t i o n  i n  t h e  v i c i n i t y  o f  
s h o ck  w a v e s ,  R e f e r e n c e  4 . 1 5 .  A more r e c e n t  w o rk ,  R e f e r e n c e  4 . 1 4 ,  
h a s  p ro p o s e d  a damping mechanism w hich  i s  v e r y  s im p le  t o  com pute .
Lax and W en d ro f f  Damping C o e f f i c i e n t
Lax and W e n d r o f f ,  R e f e r e n c e  4 . 5 ,  p ro p o s e d  a method f o r  im­
p r o v i n g  t h e  s t a b i l i t y  o f  t h e i r  d i f f e r e n c e  scheme. They s u g g e s t e d  
a d d in g  a n  e x t r a  t e rm  t o  E q u a t i o n  4 . 2 1  which  would  be s econd  o r d e r .  
T h i s  e x t r a  t e rm  w ould  n o t  h ave  any  e f f e c t  on th e  s t a b i l i t y  of t h e
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scheme w here  t h e  s o l u t i o n  v a r i e s  s m o o t h l y , b u t  w ou ld  come I n t o  
e f f e c t  w here  t h e  s o l u t i o n  i s  v a r y i n g  v e r y  r a p i d l y .  E q u a t i o n  U. ^  
i s  r e w r i t t e n  as  f o l l o w s
0 [ j , N + l ]  -  U [ j ,n ] -  (A t /A x )  a ' f  +
+ ( i )  ( A t / A x ) 2 AMF + (At/2A x ) AQ AU
w here  A * d e n o t e s  t h e  o p e r a t o r  ( ^ ) ( t [ a x 3  -  T [ - A x ] )  and A t h e  
o p e r a t o r  ( £ )  (T [A x /2 ]  - T [ - A x / 2 ] ) . T  [ s ]  d e n o t i n g  t r a n s l a t i o n  o f  t h e  
i n d e p e n d e n t  v a r i a b l e  by t h e  amount  [ s i .  Q i s  a m a t r i x  t h a t  w i l l  
be d e t e r m i n e d  l a t e r .  T h i s  d i s c u s s i o n  i s  r e s t r i c t e d  t o  a one sp ace  
s y s t e m .  N o t i c e  t h a t  when E q u a t i o n  I+.M+ i s  expan d ed  i t  t a k e s  th e  
form
U [ j , N + l ]  -  U [ J , N ]  - (A t /2 A x )  {f  [ j ,N+1] -
- F C +
+ {£( ( A t /A x ) 2 A(A (F [ l , J d £ ]  -
- F [ i . J - f c ] ) }  + (A t / 2 A x ) AQ1U
( U M )
o r
U [ j , N + l ]  -  U Cj .n ]  -  (A t / 3Ax) (F [ j , N + l ]  -
- F [ j , N - l ] )  + (fc) ( A t / A x ) 2 [A [ l . J - 4 ]  F [ I , J + l  1 -
-  A F [ l , j ]  -  A [ l , J + f c ]  F [ l , j ]  +
+ A F + (Ata&x) AQ AU
(14.U6)
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r e a r r a n g i n g
U [ j , N + l ]  -  U [ J , N ]  - (A t /2A x)  {F [ J . N + 1 ]  - F +
+ ( t )  (a t / A x ) 2 (F [ i . J + l ]  -
- F t l . j ] )  " A (F [ l , j ]  -
- F [ l , J - l ] ) 3  +  ( A t / 2 A x )  AQ AU
( ' ^ y )
E q u a t i o n  A.Al i s  t h e  same e q u a t i o n  a s  E q u a t i o n  A. 33 e x c e p t  f o r  
t h e  t e rm  (A t /2A x)  AQ AU.  In  o r d e r  t o  d e t e r m i n e  th e  form o f  the  
m a t r i x  Q ,  t h e  second  t e r m  o f  t h e  r i g h t  hand s i d e  o f  E q u a t i o n  .Ait 
i s  changed  a s  f o l l o w s :
AF -  A2 U «A£ (AU/Ax )X X
and
(A t } (A *F/Ax >«At Fx -  i t  A U ^ ( A t / A x )  AA'u
o r
U [ j , N + l ]  -  U [ j ,n ] - (A t /A x)  AA'u +
+  ( £ (  ( A t / A x ) 2  AA^AU +  (A t  /  2A x ) AQ AU
{A.1.8)
The second  t e r m  and the  l a s t  t e rm  on t h e  r i g h t  hand s i d e  o f  
E q u a t i o n  i. .A8 a r e  o f  t h e  same form w h ich  s u g g e s t  t h a t  t h e  m a t r i x  
Q and A must be d i m e n s i o n a l l y  t h e  same. S i n c e  t h e  t e rm  i n v o l v i n g  
Q a p p e a r s  in  t h e  e q u a t i o n  in  f a s h i o n  s i m i l a r  t o  t h e  v i s c o u s  t e r m ,  
i t  i s  r e a s o n a b l e  t o  assume Q t o  be d e f i n i t e  p o s i t i v e .  A d e t a i l e d  
c o m p a r i s o n  o f  t h i s  damping t e r m  t o  t h e  v i s c o u s  te rm s  shown in  
E q u a t i o n s  3 . 1 8  and 3 .2 3  would i n d i c a t e  t h a t  a l t h o u g h  th e y  a r e  
s i m i l a r ,  t h e y  a r e  n o t  i d e n t i c a l .  I n  f a c t ,  an  e x a c t  c a l c u l a t i o n  o f
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t h e i r  d i f f e r e n c e  c o u l d  be made; t h i s  i s  n o t  a s im p le  c a l c u l a t i o n  t o  
p e r f o r m  and i t  was n o t  a t t e m p t e d .  A l s o  s i n c e  th e  t e rm  I n v o l v i n g  
Q must be o f  second  o r d e r ,  t h e n  Q must a p p r o a c h  z e r o  a s  t h e  g r i d  
p o i n t s  a p p r o a c h  e a c h  o t h e r .  I n  c o n c l u s i o n ,  Lax W en d ro f f  r e ­
q u i r e  t h e  m a t r i x  A to  have  t h e  f o l l o w i n g  p r o p e r t i e s :
a ) Q must be p o s i t i v e
b)  Q [ U i ,  U2 ] ■ 0 when Ui -  U2
c )  Q must h a v e  th e  d i m e n s i o n  o f  A.
For t h e  c a s e  o f  F and U b e i n g  s c a l a r s  t h e  above r e s t r i c t i o n s
g i v e  Q in  t h e  form
Q -  ( £ )  B |A [Ui ] - A [U2 ] |
(U . k 9 )
where  B i s  a d i m e n s i o n l e s s  f u n c t i o n  w h ich  would  depend on Ui and 
U2 .
For t h e  c a s e  o f  c o n s e r v a t i o n  lawB F and U a r e  v e c t o r s  v a l u e d  
f u n c t i o n s  and th e  t h r e e  p r o p e r t i e s  o f  Q m e n t io n e d  b e f o r e  a r e  n o t
s u f f i c i e n t  to  d e t e r m i n e  t h e  v a l u e  o f  Q, R e f e r e n c e  H .6 ,  and one more
r e s t r i c t i o n  i s  n e c e s s a r y .  For  s t e a d y - s t a t e  s o l u t i o n  E q u a t i o n  b 
t a k e s  t h e  form
- A #F + (A t /a& x)  A A2 AU + (AQ AU/2)  -  0
( b . 5 0 )
D e n o t in g  by U i , U2 , and U3 , t h r e e  c o n s e c u t i v e  v a l u e s  of  U and making 
t h e  f o l l c M i n g  a p p r o x i m a t i o n
A #F -  F [U3 3 - F [U2 ] -
-  F CU3 ] - F [U2 ] + F [Us 3 _  P Cux ]




A Cfl1( U , ]  -  ( i )  (A [ 0 t ] - A [ O J )
J J ( l f -5 2 )
S u b s t i t u t i n g  t h e s e  a p p r o x i m a t i o n s  i n t o  E q u a t i o n  *+.^9 g i v e s
{-A + ( A t / S i x )  A2 +  Q} (U3 - U2 ) +
+ { -A - ( A t / a a x )  As  - Q} (u 2  - Ui ) -  0
w h e re  A in  t h e  f i r s t  b r a c k e t  i s  e v a l u a t e d  b e tw e e n  U3 and and A
i n  t h e  s e c o n d  b r a c k e t  i s  e v a l u a t e d  b e tw ee n  U2  and  U i . I t  i s  
d e s i r e d  t o  r e d u c e  t h e  above  d i f f e r e n c e  e q u a t i o n  f o r  a v e c t o r  v a l u e d  
f u n c t i o n  t o  a s c a l a r  e q u a t i o n .  Such a r e d u c t i o n  i s  r i g o r o u s l y  
p o s s i b l e  i f  a l l  t h e  c o e f f i c i e n t  m a t r i c e s  commute ; i n  t h i s  c a s e  
d i f f e r e n c e  e q u a t i o n s  s i m i l a r  t o  E q u a t i o n  U / j J  a r e  o b t a i n e d ,  w here  
t h e  r o l e  o f  A and Q i s  p l a y e d  by t h e  e i g e n v a l u e s  o f  A and Q. T h i s
d i c t a t e s  t h e  f o l l o w i n g  c h o i c e  f o r  Q:
a )  Q s h o u l d  be a m a t r i x  commuting  A
b )  The e i g e n v a l u e s  o f  Q a r e  e q u a l  t o  t h e  a b s o l u t e  v a l u e s  o f
t h e  d i f f e r e n c e  o f  t h e  c o r r e s p o n d i n g  e i g e n v a l u e s  o f  A fU j)  and A(lJi>
t im e s  d i m e n s i o n l e s s  f a c t o r s  B i , ................Bn  o f  t h e  o r d e r  o f
m a g n i tu d e  1 .
c )  The r e q u i r e m e n t  t h a t  Q commute w i t h  A i m p l i e s ,  a c c o r d i n g  
t o  a t h e o r e m  o f  m a t r i x  t h e o r y ,  s ee  R e f e r e n c e  U . 1 5 , t h a t  Q i s  a 
f u n c t i o n  o f  A o f  t h e  f o r m
Q " S o l + EiA + ..........+  gp An 1
1 ( ^ )
whose  c o e f f i c i e n t s  g Q, g i  .............B n - i  a r e  u n i q u e l y  d e t e r m i n e d  by t h e
p r o p o s e d  c h o i c e  f o r  th e  e i g e n v a l u e s  o f  Q. F i n d i n g  t h e  c o e f f i c i e n t  
go* 81 l L’a d s  t o  t ^ e L a g ra n g e  i n t e r p o l a t i o n  p r o b le m  w h ic h  i s
e a s i l y  s o l v e d ,  s e e  R e f e r e n c e  U .1 6 .
L . D ' A t t o r r e  and  H. U. Thommen Damping T e c h n i q u e .
D ' A t t o r r e  and  Thommen, R e f e r e n c e  ^ .1 3 *  p r o p o s e d  a damping 
t e c h n i q u e  d i f f e r e n t  f rom  t h e  one  u s ed  by Lax and W e n d r o f f .  T h e i r  
d i f f e r e n c e  t e c h n i q u e  i s  o f  t h e  2 - s t e p  fo rm .
D ' A t t o r r e  and Thommen u s e d  a c o n s e r v a t i o n  e q u a t i o n  o f  th e
form
Wx -  Fv +  Gz
y t U . 5 i )
t o  d e s c r i b e  t h r e e - d i m e n s i o n a l  s u p e r s o n i c  f l e w .  W i s  a co lumn v e c t o r  
w i t h  f o u r  e l e m e n t s .  D ' A t t o r r e  and Thommen c o n s i d e r e d  t h e  e l e m e n t s  
o f  W t o  be d e p e n d e n t  v a r i a b l e s  and t h e n  t h e y  e x p r e s s e d  r ,  and G as  
f u n c t i o n  o f  t h e  e l e m e n t s  o f  W. S i n c e  t h i s  e q u a t i o n ,  E q u a t i o n  ^ .5 5 *  
i s  o f  t h e  same fo rm a s  t h e  u n s t e a d y  c o n s e r v a t i o n  e q u a t i o n  f o r  P-  
d i n t e n s i o n s ,  t h e  c a r t e s i a n  c o o r d i n a t e  x i s  i n t e r p r e t e d  a s  t h e  
c o o r d i n a t e  t i m e ,  t ,  i n  t h e  u n s t e a d y  e q u a t i o n s ,  and  t h e  v e c t o r  W, F ,
G a s  t h e  v e c t o r  U, F ,  and  G a s  g i v e n  by E q u a t i o n  ^ . 2h ,  The d i f ­
f e r e n t i a l  e q u a t i o n  i s  t h e n  t h e  u n s t e a d y ,  2 - d i m e n s i o n a l  c o n s e r v a t i o n  
e q u a t i o n
’  Fx +  Gy
y ( h . ' j b )
N o t i c e  t h a t  i n  t h i s  e q u a t i o n ,  E q u a t i o n  U . 5 6 , F and  G a r c  a l s o
f u n c t i o n s  o f  t h e  e l e m e n t s  o f  U. The d i f f e r e n c e  a p p r o x i m a t i o n  t o
E q u a t i o n  U .5 6  i s  b a s e d  on a T a y l o r  s e r i e s  e x p a n s i o n  o f  U
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U [ l , J , N + l ]  » 0 + i t  Ut  [ i . J . N ]  +
+ ( A t ) a / 2  Ut t  [ l , J , N ]
(*♦.57)
The termB on t h e  r i g h t  han d  a i d e  o f  E q u a t i o n  U .57  a r e  c a l c u ­
l a t e d  i n  two s t e p s .
F i r s t  s t e p :  C a l c u l a t e  t e m p o r a r y  v a l u e s  o f  U a t  t im e
t Q + 4 a t  a s  f o l l o w s
u [ i + £ , j ,n+£]  -  u [ i + £ , j ,n ] +
+  A  t / P  Ut  [ l , £ ,  J .N ]
u [ i , j -mK n+£]  “  U [ l , J + f c , N ]  +
+ A t / 2  0 t  [ l ,  J+&.N]
( !* . ’>9 )
w here  Ut  i s  e v a l u a t e d  from t h e  d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  H . *,>(>, 
t h e n  E q u a t i o n  and  U.59  become
U [ l + f c , J , N + £ ]  -  U [ l + f c , J , N ]  +
+ A t / 2  {Fx [ i - £ , J , n ] + Gv [ l + k , J , N ] }
( ■' * .60 )
U [ l , J + £ , N + f c ]  -  U [ I , J + ^ , n ] +
+ A t / 2  {Fx [ l , J + £ , N ]  + Gv [ l , J + £ , N ] }
y ( h . e i )
The t e m p o r a r y  v a l u e s  c a l c u l a t e d  i n  E q u a t i o n  ^ . 6 0  and  U.61 a r e  
u s e d  t o  e v a l u a t e  t e m p o r a r y  v a l u e s  o f  and
G [ l , J + £ , N ^ L
S econd  S t e p :  E v a l u a t e  U t t  C l , J , N ]  u s i n g  t e m p o r a r y  v a l u e s  a s
f o l l o w s
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-  1 /At  [ u c [ l , J , N - * i ]  - fit [ l , J , N - £ ] l
(b.6'2)
and u s i n g  t h e  d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  b . r} 6 ,  E q u a t i o n  b , 6 2  
becomes
u t t  Ci . j .n ] -  1 / A t  [ f x + Gy [ l , J , N + £ 3
Fx [ l , J , N - £ 3  -  Gv [ l , J , N - £ 3 }
where
Fx [ l , J , N + f c ]  * 1 /Ax {F -
-  F [ l - £ , J , N - £ 3 ]
(U , 6 ' J  )
F i g u r e  J+Jt shows a t y p i c a l  n o d a l  p o i n t  a t  t im e  t D - ^ f l t ,  
t o i ^ o  + ^ A t .  V a lu e s  o f  U  a r e  known a t  t im e  t Q, F i r s t  p r o v i s i o n a l  
v a l u e s  o f  U a r e  g e n e r a t e d  a t  t im e  t Q +  A t / 2  a t  t h e  h a l f  s p a c e , see 
F i g u r e  h , b  . Second  t h e  f i r s t  d e r i v a t i v e  w i t h  r e s p e c t  t o  t im e  o f  
U t t  I s a p p r o x i m a t e d  w i t h  a c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  to  
t h e s e  i n t e r m e d i a t e  p o i n t s  i n  t i m e ,  E q u a t i o n  k . 6 2 .  Usinp, t h e  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  t h e  t im e  d e r i v a t i v e s  a r e
c h an g e d  t o  s p a c e  d e r i v a t i v e s ,  E q u a t i o n  b.6^>.  T h ese  s p a t e  d e r i v a ­
t i v e s  a r e  e v a l u a t e d  u s i n g  c e n t r a l  d i f f e r e n c e s  t o  t h e  h a l f  p o i n t s ,  
E q u a t i o n  ^ . 6 1 .  The f i r s t  d e r i v a t i v e  i n  t im e  i n  E q u a t i o n  b ,6*> i s  
e v a l u a t e d  from t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  and v a l u e s  of  U 
a t  t ime t 0 a s  f o l l o w s
Ut  [ l , J , N ]  -  F x [ l , J , N ]  + Gv [ I , J , n ]
( b .6 5  )
I,J I , J
N - £ N N + £ N + 1
At
Figure D'Attorre and Thommen Grid Network
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where
Fx [ l , J , N ]  -  ( l / a f i x ) [ F  [ i +i , j ,n 3 - F [ l - l , J , N ] l
(U. 66)
and
Gr  Ci , j , n]  -  (fcax) [ g [ i , j +i ,n ] - G [ i , j - i ,n ]}
(^ .67 )
V alues  o f  U a t  t ime t Q + At a r e  e v a l u a t e d  from E q u a t i o n  
S u b s t i t u t i n g  E q u a t i o n s  h , 6^  , 5 - 6 6 ,  and U.67 f o r  t h e  f i r s t  d e r i v a ­
t i v e  , and s u b s t i t u t i n g  f o r  th e  second  d e r i v a t i v e  a s  i t  was o u t l i n e d  
a b o v e .
D ' A t t o r r e  and Thommen improved t h e  damping o f  t h e  d i f f e r e n c e  
t e c h n i q u e  by m u l t i p l y i n g  t h e  s ec o n d  o r d e r  t e r m ,  U t t»  ° f  E q u a t i o n  
U . [;7  by a c o e f f i c i e n t  MD, ” ( a s  f o l l o w s
U C I , J  ,N+11 * U [ l , J , N ]  +  At Ut  +
+ d 'C (A t ) 2 /? }  U t t  Ci , j , n 3
(U.68)
D ' A t t o r r e  and Thommen u s e d  th e  damping c o e f f i c i e n t  two d i f ­
f e r e n t  w ays :  a )  One t h a t  t h e y  c a l l e d  u n i f o r m  damping .  b )  A
second  one t h a t  th e y  c a l l e d  l o c a l  damping .
U n i fo rm  damping:  Fo r  u n i f o r m  damping
D ' A t t o r r e  and Thommen u s ed  a c o n s t a n t  v a l u e  o f  "D / " f o r  e ach  p l a n e  
a t  t » c o n s t .  b u t  n o t  n e c e s s a r i l y  t h e  same v a l u e  f o r  e ach  p l a n e  of  
t « c o n s t .
L o c a l  damping :  Fo r  l o c a l  damping t h e  v a l u e  o f  "D / " v a r i e s  a t
e ach  p o i n t  i n  t h e  p l a n e  t “ c o n s t .  The c r i t e r i a  u sed  by t h e s e  
a u t h o r s  f o r  c h o o s i n g  l o c a l  v a l u e s  o f  "D*" was q u i t e  com plex .
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D ' A t t o r r e  and Thomnen Damping A p p l i e d  t o  HacCorotack Scheme
I n  o r d e r  t o  a p p l y  t h e  t e c h n i q u e  f o r  dam ping  s u g g e s t e d  by 
D ' A t t o r r e  and Thommen t o  t h e  MacCormack scheme* t h e  MacCormack scheme 
m u s t  be  r e s t a t e d  i n  a  d i f f e r e n t  m a n n e r .
( a )  The v e c t o r  U i s  e x p an d e d  i n  a T a y l o r  s e r i e s  e x p a n s i o n  
a b o u t  [ l , J , N + l ]  a s  f o l l o w s
U [ l , J , N + l ]  -  U [ l , J , N ]  +  A t  Ut  +
+ D'{  ( A t ) £ / 2 )  Ut c  [ l , J , N ]
0* .69 )
Where MD /u i s  t h e  dam ping  c o e f f i c i e n t .
( b )  The p a r t i a l  d e r i v a t i v e  Ut  i s  e v a l u a t e d  from t h e
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  b.Jk, a s  f o l l o w s
Ut [ I . J . N ]  -  Fx C i , J , n ]  + G r  C l . J . N ]  + H [ l , J , N ]
( b .70)
( c )  The s e c o n d  o r d e r  p a r t i a l  d e r i v a t i v e  [ I , J , n J i s
e v a l u a t e d  a s  f o l l o w s
U t t  -  ( 1 / A t )  [U t  [ l , J , N + l ]  -  U t  [ l , J , N ] l
( '*.71)
and  u s i n g  th e  d i f f e r e n t i a l  e q u a t i o n ,  E q u a t i o n  U. ,  g i v e s
u t t  [ i »j  »n ] -  ( 1 / A t )  ( ( F *  [ i , J , N + l ]  + Gr [ l , J , N + +
H* [ l , J , N + l ]  - [ F x [ l , J , N ]  +  Gr  [ l , J , N ]  + H t  )]
(b.7 2)
( d ) S u b s t i t u t i n g  E q u a t i o n s  h , J 2  and U .70  i n t o  E q u a t i o n  U .69  
g i v e s  t h e  i n t e r p o l a t i o n  f o r m u l a
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U [ l , J , N + l ] - f l  + At [Fx [ l , J , N ]  + Gr [ i , j ,n3 +
H [ l fJ,N]} + D#{ ( A t ) B / 2 H ( l / A t ) [ P ;  C l ,J ,N + l ]  +
G* [ l , J , N + l ]  + H* [ l , J , N + l ] }  -  ( l / A t ) [ F x [ l , J , N ]  +
+  Gr [ l , J , N ]  + H C I , J  ,n])
(»*.T5)
The above  e q u a t i o n  i s  r e a r r a n g e d  a s  f o l l o w s :
0 [ l , J , N + l ]  * (£)  [u [ I , j ,n ! + u [ i , j ,n ] +
+ At [ fx [ I , J , n 3 + Gr  [ l , J , N ]  + H [ I , J , n ]} +
+ ( A t / ? )  (1-rf)  {Fx [ l , J , N ]  + Gr [ l , J , N ]  + H [ l , J , N ] }  +
+ D/ (A t / ? )  {Fx [ l , J , N + l ]  + G* [ l , J , N + l ]  + H* [ i . J . N + l ] }
- T1' )
The c a l c u l a t i o n  p r o c e d u r e  i s  a s  f o l l o w s :
( a )  C a l c u l a t e  p r o v i s i o n a l  v a l u e s  o f  U a t  t im e  t “ t 0 + A t  u s i n g  
f o r w a r d  d i f f e r e n c e
U* [ I , J , N+l  1 “ U [ l tJ,N] +  At [ (1/Ax )(F [ I+ 1 ,J ,n 1  -
- F [ l , J , N ] }  + ( l / A r ) {G [ l , J + l fll] -  G [ l , J , N !  +
+ h
(J* -75)
(b) Calculate  U [ l»J ,N + l3  us ing  Equation ^.7^ where d e r iva ­
t i v e s  a t  the p ro v is io n a l  va lues  in  time are evaluated with back­
wards d i f f e r e n c e s  as fo l lo w s:
0 C l ,J ,N + l ]  -  ^ {U [ l , J , N ]  + 0* [ l , J , N + l ] }  +
+ ( A t / 2 )  ( 1 - d ' )  {1 /Ax (F [ l + l , J , N ]  - F [ l , J , N ] )  +
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+ 1 /A r  (G [ l , J + l , N ]  - G [ l , J , N ]  ) + H [ l , J , N ] }  t  
+ D ' { A t / g )  { ( l / A x ) ( F * t l , J , N + l 3  - F* C l - 1 ,  J ,N + L ] )  +
+ I M r  (G* [ l , J , N + l ]  - G* [ I , J - l  ,N+l3 +  H* [ l , J , N + l ] }
<*.76)
The p r o c e d u r e  j u s t  o u t l i n e d  c o u l d  be r e v e r s e d  s o  t h a t  one com­
p u t a t i o n  i n  t im e  i s  done w i t h  a backward  fo r w a rd  d i f f e r e n c e  and t h e  
n e x t  c o m p u t a t i o n  i n  t im e  w i t h  a f o r w a rd  backward  d i f f e r e n c e .
A rn o ld  L a p i d u s  Damping T e c h n iq u e
L a p i d u s ,  R e f e r e n c e  J+. 13» p r o p o s e d  t o  u se  a damping t e c h n i q u e  
somewhat s i m i l a r  t o  t h e  one used  by Lax and W e n d r o f f ,  w i t h  t h e  
a d v a n t a g e  o f  b e i n g  much f a s t e r  t o  com pu te .  L a p id u s  p ro p o s e d  to  
s u b s t i t u t e  t h e  m a t i r x  Q u s e d  i n  Lax an# W e n d r o f f  s chem e,  see  
E q u a t i o n  !+ .^ 7 i  by t h e  d i f f e r e n c e  i n  t h e  a b s o l u t e  v a l u e s  o f  the  
v e l o c i t i e s  i n s t e a d  o f  t h e  d i f f e r e n c e  o f  t h e  a b s o l u t e  v a l u e s  o f  t h e  
e i g e n v a l u e s  o f  t h e  m a t r i x  "A" and " B " , 
where
A d u / d x  “  d F /d x
.77)
and
B d u / d r  “ d G /d r
(**.78)
The d i f f e r e n c e  e q u a t i o n  u s ed  by L a p id u s  f o r  t h e  damping i s
O ' [ l , J , N + l ]  -  U [ I , J  ,N+13 +  At/Ax Cfi' ( I f i ' u  [  1+1, J  ,N+1 J |
S 'O  [ l + l , J , N + l ] }
( ^ . 7 9 )
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U" [ l , J , N + l ]  -  U [ l , J , N + l ]  + i t / A x  Cfi' { | 6 V ' C l + l , J , N + l ] t  
6"u' [ I"rt., J ,N+l]}
(>».8o)
where
&'tJ [ l , J , N ]  -  U [ l , J , N ]  -  u
Ck 8 I )
6"u [ i , j ,n] -  u [ i , j ,n 3 - u C r , j - i , N ]
(**.82)
where u and v are  h o r i z o n t a l  and v e r t i c a l  f l u i d  v e l o c i t y  
co m p o n en ts .
The method o f  Lapidus  was u sed  in t h i s  work to  d e s c r i b e  
damping. D e t a i l s  o f  t h i s  a p p l i c a t i o n  w i l l  be g iv e n  in  the  n e x t  
c h a p t e r .
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CHAPTER 5
PROBLEM AND COMPUTER PROGRAM DESCRIPTION
STATEMENT OF SPECIFIC PROBLEM
An axlsymmetrlc supersonic plume emanating from a nozzle  was 
in v e s t ig a te d .  This chapter descr ibes  the computer program which 
was w r it ten  to  c a lc u la te  the plume flow p r op er t ie s .  The flowing  
gases were assumed to be represented by the mathematical model 
stated  In Chapter 3- The MacCormack scheme for in tegra t in g  the 
time dependent equations was used. Equations U.^2 and
The plume shown in Figure 5-1 was chosen for study because 
the Mach d isc  diameter i s  of the Bame magnitude as the e x i t  nozzle  
diameter. For th is  s p e c i f i c  type plume, the techniques described 
in Chapter 3 f a i l  to accurate ly  describe  the Mach d i s c ,  
NON-DIMENSIONAL EQUATIONS IN AXISYMMETRIC COORDINATES
The conservation equations as given by Equation 3.-U were used 
to describe axlsymmetrlc plumes. Prior to programming the con­
servat ion  equations ,  the pressure In Equation 3 . 2U was replaced 
with the value given by Equation 3*26* The conservation equations  
take the fo l low ing  form:
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E x i t  P l ane  Cond i t  i ons  
^  Pe / P a -  1 . '■, v -  l . l ,  ,
N o z z l e  D i v e r g e n c e  Angl e  10°  
From R e f e r e n c e  1








( V -3 ) (m r£ / ( p r )  + { ( y - 1 ) ( n r  ) !} /  (2p r  ) - ( v - 1 ) (E r  )
_ (m r ) ( n r  ) / (p r  )
-V(Er  ) ( m r ) / ( p r  ) + ( ( y - 1 ) ( m r ) / 2 } [ [ ( n r  )2 +  (mr)2 ] / ( p r ) 2 }
- ( n r )
- (mr ) ( n r ) / ( p r  )
{ (nr )e ( v - 3 } / ( 2 p r )  + ( y - 1 ) (mr )2 / ( 2 p e  ) - ( y - 1 ) (Er )
- y ( n r  ) ( E r ) / ( p r )  + { ( y - 1 ) ( n r )) { (mr)2 + (nr )2 ) /{  (pr )2 2}
1 + — r
0
0
( y - 1 ) (Er ) - [  (mr )2 + ( n r ) 2 ] / ( ? p v
0
(5*1)
N o t i c e  th a t  E quat ion  5*1 t r e a t s  ( p r ) ,  (mr),  ( n r ) ,  and ( E r ) as the  
dependent v a r i a b l e  and t h a t  i f  E quat ion  5-1  1® w r i t t e n  in  sym bol ic  
form as
Ut  “ Fx [ 0 ]  + Gr [U] +  H [U]
(5*2 )
then the  v e c t o r s  F ,  G, and H are f u n c t i o n s  o f  the e lem en ts  o f  the  
c o n s e r v a t i o n  v a r i a b l e s  r e p r e s e n t e d  bv th e  v e c t o r  U.
The above e q u a t io n s  were put in  n o n -d im en s io n a l  form by
r /D e , t  -  t ( p eDe /me )
E / E e ,  Eg *  (me  ) 2 / ( p e ^ c  ) * ®e m ^ e 1̂
X " x / ® e » r
E “ / #
<***
P “  P / P e . m
where the su b s c r ip t  e means the value at  the e x i t  plane renter  l i n e ,  
and where (~)  means a non-dimensional v a r ia b le ,  and a l l  other  terms 
are def ined  In Chapter 3.
In non-dimensional  form the axisymnetrie  conservat ion  equations  
take the same form as the above equation (Equation 5*1) .
SOLUTION METHOD
The in te g r a t in g  scheme used was the one proposed by MacCormack, 
and the damping scheme the one proposed by Lapldus.
The equations were in teg ra ted  by using f i r s t  the backward and 
forward d i f f e r e n c e  scheme, Equations ^ .37  and U,39> and then in the  
next c a l c u l a t i o n  ( in  time) the forward and backward procedure.
This c y c l i c  scheme was used as suggested by MacCormack permitt ing  
greater  perm iss ib le  values  of  At to be used.
A fter  each i t e r a t i o n  in time the damping proposed by Lapidus, 
Equation ^ .7 9 ,  was used.  Equation U.79 i s  expanded in terms of  the 
v a r ia b le s  eva luated  a t  time u [ l , J , N + l ] .  F i r s t  the conservat ion  
v a r ia b le s  are smoothed out in  the x - d i r e c t io n  as fo l lows
0 ' [ l , J , N + l ]  -  ULI,J,N+1] + C ( i t /A x ) [  | u [ l + l , J , N + l ] -  
- u [ l , J , N + l ] | • ( u [ l + l , J , N + l ] - u [ l , J , N + l ] -  
- | u [ l , J , N + l J - u [ l ~ l , J , N + l ] |  * ( 0 [ l , J , N + l ] -
-u[  J - l , J , N + l 3 ) }
( 5 - 3 )
and then us ing  the above smoothed values  in  the x - d i r e c t io n  the 
va lues  of  the vector  U are smoothed out in the y - d i r e c t io n  as 
fo l lo w s
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U " [l ,J ,N + l ]  * 0 ' [ l , J , N + l ]  + C(At/.^x)[ | v ' [ l , J + l tN+l]-  
-v ' C l .J .N + l ] !  * ( 0 ' [ l , J , + l , N + l ] - l V [ l ,  J ,N + l ] ) -  
- | v ' [ l , J , N + l ] - v ' [ l f J - l , N + l ] |  • ( lV C l ,J ,N + l] -U #[ l , J - l , N + l ] )
<!>.*)
where u and v are x and r components o f  v e l o c i t y  and are evaluated  
as fo l low s
u = m/p
( 5 . 5 )
v ■ n/p
( 5 . 6 )
BOUNDARY AND INITIAL CONDITIONS
Boundary and i n i t i a l  co n d i t io n s  muBt be given in  order t o  
so lve  the conservat ion  e q u a t i o n s  f o r  a given axisymmetri c  p lu m e .
A rectangular  grid as shown in Figure 5*2 was used in the s o lu t io n .
A boundary data l in e  along AB ( fee  Figure 'y . 2 )  i s  necessary in 
order to have a s o l u t i o n .  A one-dim* n s io n a l  or a method of  
c h a r a c t e r i s t i c s  s o l u t i o n  i s  s u i t a b le  for  the i n i t i a l  c o n d it io n .
A method of  c h a r a c t e r i s t i c s  program was run with the nozz le  e x i t  
c o n d i t io n s ,  and then ,  by in t e r p o la t in g  between c h a r a c t e r i s t i c s  l i n e s ,  
data points  in the rectangular  grid network were obtained .
The ambient co n d i t io n s  were s e t  along a f ixed  row of  data 
p o i n t s ,  l i n e s  BC and CD (see  Figure ‘>,2).  The conservat ion  v a r i ­
ables (p r ) ,  (u r ) ,  ( v r ) ,  and (Er) were kept f ixed  as the s o lu t io n  
progressed in time.
Points  on the c e n t e r l i n e  are not c a lc u la t e d .  The v a r ia b le s  
are of  the form (p r ) ,  (mr), (nr)  and (Er) a t  the c e n t e r l i n e  r  * 0 






Figure 5.2 Rectangular Grid For Time Dependent Program
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N o t i c e  t h a t  i n  t h e  d i f f e r e n c e  e q u a t i o n s ,  E q u a t i o n s  k . k 2  ond U . ^ 3 ,  i t  
i s  n o t  n e c e s s a r y  t o  e v a l u a t e  t h e  t e r m  H a t  t h e  c e n t e r l i n e .  T h i s  i s  
th e  o n l y  t e r m  w h ic h  i s  u n d e t e r m i n e d  a t  t h e  c e n t e r l i n e .  The r e s t  o f  
t h e  v e c t o r s  a t  t h e  c e n t e r l i n e  t a k e  t h e  v a l u e s  o f  z e r o  s i n c e  r  » 0 .
F [ 1 , 1 ,1(] = 0 
G [ l , l , N ]  = 0 
F * [ l , l , H + l ]  * 0 
G * [ l , l ,N + l ]  -  0
( 5 - 7 )
A s e c o n d  o r d e r  p o l y n o m i a l  was u s ed  t o  e v a l u a t e  v a l u e s  o f  t h e  
c o n s e r v a t i o n  a t  t h e  l a s t  co lum n  o f  d a t a  p o i n t s  i n  t h e  r e c t a n g u l a r  
g r i d  n e t w o r k ,  l i n e  DE F i g u r e  5 * 2 ,  V a lu e s  o f  U a t  t h e  l a s t  co lumn 
a r e  o b t a i n e d  a s  f o l l o w s ,  s e e  F i g u r e  5 . 2 ,
0[IMAX, J,N+l} -  3 . 0 (G[IMAX-1, J,N+l]-uCIMAX-2, J,N+1] )  + 
u [ i max- 3 , J , n+ i 3
(5.8)
COMPUTER PROGRAM LOGIC
Two c o m p u te r  p r o g r a m s  w e re  u s e d  i n  t h i s  i n v e s t i g a t i o n :
( a )  A t im e  d e p e n d e n t  s o l u t i o n  o f  t h e  c o n s e r v a t i o n  e q u a t i o n s  w h ic h  
i s  l i s t e d  i n  A p p e n d ix  A.
0 0  A method  o f  c h a r a c t e r i s t i c s  p r o g r a m  t h a t  was  d e v e l o p e d  a t  
L o ck h eed  M i s s i l e s  and  S p a c e  Company, H u n t s v i l l e ,  A l a b a m a , s e e  
R e f e r e n c e  5 - 1 .
Time D e p e n d e n t  P ro g ram
The t im e  d e p e n d e n t  p r o g r a m  was  w r i t t e n  s u c h  t h a t  a r e c t a n g u l a r  
g r i d  c o u l d  be a n a l y z e d .  The maximum number o f  g r i d  p o i n t s  i n  t h e
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x - d i r e c t i o n  was s e t  t o  be 180 p o i n t s ,  and t h e  maximum number of  
p o i n t s  i n  t h e  r - d i r e c t i o n  was n<s t  t o  be 1*0 g r i d  p o i n t s .  The m ax i­
mum number o f  p o i n t s  was l i m i t e d  f i r s t  by t h e  c o m p u te r  p h y s i c a l  
s t o r a g e  c a p a c i t y  and t h e n  by t h e  t im e  f a c t o r  i n v o l v e d  i n  t h e  c a l ­
c u l a t i o n s .  N o t i c e  t h a t  a g r i d  n e tw o rk  o f  (1+0 x 180)  r e s u l t s  i n  a 
minimum r e q u i r e m e n t  o f  (1+ x 1+0 x 1 8 0 )  x (1+ b y t e s )  ■ 1 1 5 * ’k s i n c e  
t h e r e  a r e  f o u r  v a r i a b l e s  t o  be s t o r e d  f o r  e a c h  g r i d  p o i n t .  The 
s i z e  o f  t h e  r e c t a n g u l a r  g r i d  c a n  be s e t  by t h e  o p e r a t o r  u f  th e  
p ro g ram .  The r e c t a n g u l a r  g r i d  s i z e  i s  a compromise b e tw een  r e s o l u ­
t i o n  and t im e  p e r  i t e r a t i o n .  The number of  g r i d  p o i n t s  in v o lv e d
i n  t h e  c a l c u l a t i o n s  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  r e s u l t i n g  
r e s o l u t i o n  and  i s  i n v e r s e l y  p r o p o r t i o n a l  to  r u n n i n g  t i m e .
A l i s t i n g  o f  th e  p rog ram  i s  g i v e n  i n  A ppend ix  A. The f low 
c h a r t  o f  t h e  c a l c u l a t i o n  i s  g iv e n  in  F i g u r e  5*3* The l o g i c  o f  t h e  
p rog ram  i s  a s  f o l l c n i s .
I n i t i a l i z a t i o n :
The c o n s e r v a t i o n  v a r i a b l e s ,  U, a r e  g i v e n  v a l u e s  a t  e ach  
g r i d  p o i n t .  The damping c o e f f i c i e n t  "C" i n  E q u a t i o n s  5 . 5  
and 5*^ i 8 g i v e n  a v a l u e .  The s p a c i n g  b e tw een  g r i d  
p o i n t s  i s  g i v e n  a v a l u e .  Thus 
S t a r t i n g  L i n e  C o n d i t i o n s :
The v a l u e s  o f  th e  v e c t o r ,  F and G a r e  e v a l u a t e d  a t  t h e
i n i t i a l  d a t a  l i n e ,  l i n e  AC F i g u r e  5 - 2 .  Thus  F ,  G [ l t J , N ] .
E v a l u a t i o n  o f  u Cl . J . N +l ]  by t h e  MacCormacV I n t e g r a t i o n  Schem e:
F i g u r e s  5 . 4  and 5 . 5  a r e  f l o w  c h a r t s  o f  the  c a l c u l a t i o n  
u s ed  t o  e v a l u a t e  v a l u e s  o f  u £ l , J » N + l 3  u s i n g  th e
S t a b l eUns t a b le
Yes
R e s t a r t
r  Check 
S t a b i l i t y
R e s t a r t
R e s t a r t
I n i t i a l i z a t i o n
C o r r e c t iv e  
Ac t i on
Dowmstream E x t r a p o la t i o n
E v a lu a t io n  o f  U l l , . J ,N + l ]
S t a r t i n g  L ine  C o n d i t i o n s
Damping o f  V a r ia b le s
F igu re  5 .3  Flow Chart. Time Dependent Program
U [2 ,J ,N ] U[5 ,J ,N ]
F,G,H[1 ,J ,N1
m
U*[1 . J .N + l]






H I H m
U [ M , N ]
n l
m
F*,GV, H*t 1 , J , N + l ]
HD
F ig u re  5-*+ Flow Char t  f o r  Backward Forward Scheme
-* . #  -*
F ,G ,H [ l , J , N f l ]
F ig u r e  5-5 Flow Char t  fo r  Forward Backward Scheme
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MacCormack sch em e .  The f i g u r e s  a r e  r e a d  a s  f o l l o w s :  
a )  The f l o w  o f  t h e  c a l c u l a t i o n s  i s  i n d i c a t e d  by t h e  
s e q u e n c e  o f  numbers  In  t h e  b o x e s ;  i . e . ,  t h e  f i r s t  c a l ­
c u l a t i o n  i s  t h e  one  i n d i c a t e d  i n  box number 1 ;  t h e  s e c o n d  
i s  i n d i c a t e d  i n  box number  2 ,  and so  o n .  The c a l c u l a t i o n  
a t  e a c h  box i s  e v a l u a t e d  f o r  a c o m p l e t e  co lumn o f  v a l u e s  
o f  J  f o r  w h ic h  e a c h  s e t  o f  c a l c u l a t i o n s  p e r f o r m e d  r e ­
p r e s e n t s  t h e  x l o c a t i o n ,  i . e . ,  x j . , x2 , e t c .  B u t  n o t e  th e  
x i t e r a t i o n  number i s  a dummy i n  t h e  e x p r e s s i o n s  f o r  
F ,  G, H, F * , G * , H*,  b e c a u s e  a t  any  one t im e  o n l y  two 
v a l u e s  o f  r  a r e  n e e d e d  in  any  g i v e n  c a l c u l a t i o n .  Thus  
f [ ? , J , n ]  i n  t h e  c o m p u te r  p ro g ram  d o e s  n o t  r e p r e s e n t  t h e  
v a l u e  o f  F a t  co lum n  two.  F o r  e x a m p l e ,  i n  F i g u r e  5.*+. 
box number 11 t h e  v a l u e s  o f  F ,  G, H h a v e  i t e r a t i o n  numbers  
t l , J , N + l ] ,  b u t  t h i s  v e c t o r  o r  f u n c t i o n s  a r e  e v a l u a t e d  f o r  
x l o c a t i o n  number b , i . e . ,  f o r  a n  x ■ 3 (A x ) .  T h i s  book­
k e e p i n g  was done  i n  o r d e r  t o  be a b l e  t o  s t o r e  t h e  l a r g e s t  
a r r a y  U p o s s i b l e ,  r e d u c i n g  down on t h e  s i z e  o f  e ach  o f  t h e  
F ,  G, H a r r a y s ,  b )  The a r r o w s  b e tw e e n  b o x es  i n d i c a t e  t h e  
s o u r c e  o f  t h e  v a r i a b l e s  o r  f u n c t i o n s  w h ic h  w ere  u s e d  t o  
e v a l u a t e  t h e  v a r i a b l e  o f  f u n c t i o n  t o  w h ic h  t h e  a r r o w s  a r e  
p o i n t i n g .
D ownstream  E x t r a p o l a t i o n :
A f t e r  v a l u e s  o f  u [ l , J , N + l ]  a r e  e v a l u a t e d  t h e n  an  e x t r a ­
p o l a t i o n  i s  p e r f o r m e d  f o r  t h e  l a s t  co lum n  o f  U, i . e . ,  
u [ I M A X ,J ,N + l ]  ( s e e  F i g u r e  5 * 2 ) .
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Damping o f  V a r i a b l e s :
Damping i s  a p p l i e d  u s i n g  t h e  p r e v i o u s l y  d i s c u s  *ed L a p i d u s  
s ch e m e ,  E q u a t i o n s  5 . 3  and 5 ,U. Damping i s  a p p l i e d  i n  t h e  
x - d i r e c t i o n  f i r s t *  t h e n ,  t h e  dam ping  i n  t h e  y - d i r e c t i o n  
i s  a p p l i e d .  T h i s  p r o d u c e s  t h e  v a l u e s  f o r  U * [ l , J , N + l ] ,  
t h e n  t h e  v a l u e s  f o r  U " [ l , J , N + l 3 - 
Check f o r  S t a b i l i t y :
I f  t h e  s o l u t i o n  i s  s t a b l e ,  i . e . ,  no n e g a t i v e  v a l u e s  o f  
d e n s i t i e s ,  t h e n  t h e  s o l u t i o n  i s  e i t h e r  r e s t a r t e d  o r  t h e  
v a l u e s  s t o r e d  and  p r i n t e d  o u t .  I f  t h e  s o l u t i o n  i s  u n ­
s t a b l e  t h e n  a d e c i s i o n  m us t  be made on  t h e  t y p e  o f  
c o r r e c t i v e  a c t i o n  r e q u i r e d .
R e s t a r t :
I f  t h e  s o l u t i o n  i s  r e s t a r t e d  t h e n  t h e  v a l u e s  i u s t  e v a l u ­
a t e d  o f  i } [ l , J , N + l ]  a r e  u s e d  a s  a n  i n i t i a l  gue^s  f o r  t h e  
n e x t  c a l c u l a t i o n .
E v a l u a t i o n  o f  e a c h  v a r i a b l e  and f u n c t i o n  i n  t h e  p r o ­
gram was p e r f o r m e d  i n  a s  e c o n o m i c a l  a manner a s  c o u l d  be  
d e v i s e d .  The r u n n i n g  t im e  on t h e  c o m p u t e r  was so  e x t e n ­
s i v e  t h a t  i t  was n e c e s s a r y  t o  e x am in e  e a c h  p a r t  o f  t h e  
p r o g r a m  w i t h  b o t h  s t o r a g e  c a p a c i t y  and  economy i n  m in d .  
Method o f  C h a r a c t e r i s t i c s  P r o g ra m
The m ethod  o f  c h a r a c t e r i s t i c s  p r o g r a m  u s e d  i n  t h i s  work  had  
th e  f o l l o w i n g  c a p a b i l i t i e s ,  s e e  R e f e r e n c e  5*1 »
( 1 )  E i t h e r  t w o - d i m e n s i o n a l  o r  a x l s y m m e t r i c  p r o b le m  
g e o m e t r y  c a n  be u a e d .
9 ‘t
Damping o f  V a r i a b l e s :
Damping ifl a p p l i e d  u s i n g  Che p r e v i o u s l y  d i s c u s j e d  L a p i d u s  
s ch e m e ,  E q u a t i o n s  5 . ^  and 5.*+. Damping i s  a p p l i e d  I n  t h e  
x - d i r e c t i o n  f i r s t ;  t h e n ,  t h e  damping  i n  t h e  y - d i r e c t l o n  
i s  a p p l i e d .  T h i s  p r o d u c e s  t h e  v a l u e s  f o r  U/ C l , J , N + l ] ,  
t h e n  t h e  v a l u e s  f o r  U"[ I , J , N + l ] .
Check f o r  S t a b i l i t y ;
I f  t h e  s o l u t i o n  i s  s t a b l e ,  i . e . ,  no  n e g a t i v e  v a l u e s  o f  
d e n s i t i e s ,  t h e n  t h e  s o l u t i o n  i s  e i t h e r  r e s t a r t e d  o r  t h e  
v a l u e s  s t o r e d  and p r i n t e d  o u t .  I f  t h e  s o l u t i o n  i s  u n ­
s t a b l e  t h e n  a d e c i s i o n  m u s t  be  made on t h e  ty p e  o f  
c o r r e c t i v e  a c t i o n  r e q u i r e d .
R e s t a r t :
I f  t h e  s o l u t i o n  i s  r e s t a r t e d  t h e n  t h e  v a l u e s  j u s t  e v a l u ­
a t e d  o f  U [ I , J , N + 1 ]  a r e  u s e d  a s  a n  i n i t i a l  g u e f s  f o r  t h e  
n e x t  c a l c u l a t i o n .
E v a l u a t i o n  o f  e a c h  v a r i a b l e  and f u n c t i o n  i n  t h e  p r o ­
gram was  p e r f o r m e d  i n  a s  e c o n o m i c a l  a manner us  c o u l d  be 
d e v i s e d .  The r u n n i n g  t im e  on t h e  c o m p u t e r  was s o  e x t e n ­
s i v e  t h a t  i t  was n e c e s s a r y  t o  exam ine  e a c h  p a r t  o f  t h e  
p r o g r a m  w i t h  b o th  s t o r a g e  c a p a c i t y  and  economy in  m ind .
Method o f  C h a r a c t e r i s t i c s  P r o g r a m
The m ethod  o f  c h a r a c t e r i s t i c s  p r o g r a m  u s e d  i n  t h i s  w ork  had
t h e  f o l l o w i n g  c a p a b i l i t i e s ,  s ee  R e f e r e n c e  5*1 »
( 1 )  E i t h e r  t w o - d i m e n s i o n a l  o r  a x l s y m m e t r i c  p r o b l e m  
g e o m e t r y  c a n  be u s e d .
I d e a l  g a s  th e rm o d y n a m ic a  o r  r e a l  gaa d a t a  t a p e s  may 
be u s e d .
i n p u t  g u i d e  f o r  t h i s  p r o g r a m  i s  g i v e n  i n  A p p e n d ix  B.
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MACH DISC UNDER STUDY
The Mach d i s c  B t u d i e d  by Adamson * R e f e r e n c e  5 - 2 ,  i s  shown i n  
F i g u r e  5 . 1 ,  w h ic h  i s  r e p r o d u c e d  f rom  A d a m so n ' s  r e p o r t .  The p i c t u r e  
i s  a sh ad o w g rap h  o f  a s u p e r s o n i c  j e t  e x h a u s t i n g  i n t o  s t i l l  a i r .
The Mach number a t  t h e  e x i t  p l a n e  was 2 .  The r a t i o  o f  the  s t a t i c
p r e s s u r e  a t  t h e  e x i t  p l a n e  t o  t h e  a m b ie n t  p r e s s u r e  was >.5* The
c o l d  j e t  had  a r a t i o  o f  s p e c i f i c  h e a t s  o f  l . U .  The n o z z l e  had a 
d i v e r g e n c e  a n g l e  o f  1 0 ° .  Most o f  t h e  d a t a  a v a i l a b l e  on e x h a u s t  
p lum es  a r e  o f  t h i s  t y p e .  More d e s i r a b l e  d a t a  w ou ld  be t o  have  
t e m p e r a t u r e , p r e s s u r e ,  v e l o c i t y ,  f low  a n g l e ,  and Mach number p r o ­
f i l e s .  But s u ch  d a t a  a t  t h e  e x i t  p l a n e  c o n d i t i o n  a r e  d i f f i c u l t  t o  
o b t a i n .
A s t a t i s t i c a l  a n a l y s i s  was  made o f  t h e  p o s i t i o n  and  t h i c k n e s s  
o f  t h e  Mach d i s c .  The Mach d i s c  was l o c a t e d  a t  an  x /De d i s t a n c e  
o f  5 . 9 9  +  . 2 0 .  The t h i c k n e s s  o f  t h e  s h o c k  was d e t e r m i n e d  t o  be 0 . 1 0  
x /De . The n u m e r i c a l  v a l u e  o f  t h e  l o c a t i o n  o f  t h e  Mach d i s c  was 
t a k e n  a s  5 .99* F i g u r e  6 . 1  shows t h e  s h o ck  wave and  th e  i n v l s c i d
b o u n d a r y  o f  t h e  j e t  a s  s c a l e d  f rom  F i g u r e  5*1•
METHOD OF CHARACTERISTICS
The method o f  c h a r a c t e r i s t i c s  was u s e d  i n  o r d e r  t o  o b t a i n  a 
s t a r t i n g  l i n e  f o r  t h e  t im e  d e p e n d e n t  p r o g r a m .  The method o f  c h a r ­
a c t e r i s t i c s  p r o g r a m  was  s t a r t e d  a t  t h e  e x i t  p l a n e  o f  t h e  n o z z l e  by 
a s s u m i n g  a c o n s t a n t  Mach number a t  t h e  e x i t  p l a n e .  The f lo w  a n g l e
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was a ssum ed  p a r a l l e l  t o  t h e  c e n t e r l f . r u 1 and e q u a l  t o  1 0 °  a t  t h e  l i p  
o f  t h e  n o z z l e  and  t h e n  t o  v a r y  l i n e a r l y  f rom  t h e  c e n t e r l i n e  t o  t h e  
v a l u e  o f  t h e  l i p .  F i g u r e  6 . 2  shows a f lo w  p i c t u r e  o b t a i n e d  w i t h  
t h e  method o f  c h a r a c t e r i s t i c s .  N o t i c e  t h a t  t h e  I n t e r n a l  l i p  s h o ck  
c o n t i n u e s  d o w n s t r e a m  to w a r d s  t h e  c e n t e r l i n e ,  and  t h a t  i t  i s  u n a b l e  
t o  d e t e c t  any  n o rm a l  s h o c k .
F i g u r e  6 . 2  shows t h e  l o c a t i o n  o f  t h e  i n t e r n a l  l i p  shock  and 
t h e  i n v i s c i d  b o u n d a ry  a s  o b t a i n e d  w i t h  t h e  method o f  c h a r a c t e r i s t i c s  
p r o g r a m .  From F i g u r e  6 . 2  i t  c a n  be s e e n  t h a t  t h e  method o f  c h a r ­
a c t e r i s t i c s  d e t e c t s  v e r y  w e l l  t h e  p o s i t i o n  o f  t h e  i n t e r n a l  l i p  sh o c k  
and t h e  i n v i s c i d  b o u n d a r y .  N o t i c e ,  h o w e v e r ,  t h a t  b o th  t h e  i n t e r n a l  
l i p  s h o c k  and th e  i n v i s c i d  b o u n d a ry  c o n t i n u e  t o  c u r v e  i n  t h e  f a r  
f low  f i e l d  and  t h a t  t h e  s o l u t i o n  f a i l s  t o  p r o p e r l y  l o c a t e  t h e  
b o u n d a ry  d o w n s t r e a m  o f  t h e  i n t e r s e c t i o n  o f  t h e  r e f l e c t e d  s h o ck  and  
t h e  i n v i s c i d  b o u n d a r y .
TIME DEPENDENT SOLUTION
The t im e  d e p e n d e n t  p ro g ram  d e s c r i b e d  i n  C h a p t e r  5 wa s u s e d  t o  
c a l c u l a t e  t h e  a x i s y m m e t r i c  p lu m e .  A g r i d  n e t w o r k  w i t h  a s p a c i n g  
Ax “  Ar ■ .0 5 0  was u s e d .
S t a r t i n g  L i n e
I n  o r d e r  t o  s t a r t  t h e  t im e  d e p e n d e n t  s o l u t i o n  a s t a r t i n g  l i n e  
d o w n s t r e a m  o f  t h e  e x i t  p l a n e  was  c h o s e n .  T h i s  s t a r t i n g  l i n e  was 
o b t a i n e d  f rom  t h e  method o f  c h a r a c t e r i s t i c s  s o l u t i o n  a t  a p o s i t i o n  
w h e re  t h e  i n t e r n a l  l i p  s h o c k  had  a l r e a d y  o b t a i n e d  Bome s t r e n g t h ;  
su ch  t h a t  t h e  " ju m p "  I n  p r o p e r t i e s ,  i . e . ,  t h e  R a n k i n e - H u g o n i o t
1_______ I_______ I_______ L
0 . 0  1 .0  2 .0  3 .0
F ig u r e  6 .2 .
J_______ I_______ I_______ 1_______ L
4 .0  5 .0  6 .0  7-0  8 .0
x / D
e
Test  Case, Method of C h a r a c ter i s t i c s  Solut ion
c o n d i t i o n *  ( E q u a t i o n s  3 . 3 0 - 3 - 3 3 ) >  v e r a  e x p l l o l t l y  d e f i n e d .
F i g u r e  6 . 3  shows t h e  c h a r a c t e r i s t i c s  L ines  c r o s s i n g  t h e  c h o s e n  
s t a r t i n g  l i n e .  The s t a r t i n g  l i n e  was c h o s e n  a t  an  a x i a l  p o s i t i o n  
o f  x /D e ** 1 . 2 5 0 .  The g r i d  network, i s  shown i n  t h e  f i g u r e  a s  b l a c k  
s q u a r e s .  As can  be s e e n  f rom  t h e  p i c t u r e ,  p o i n t s  on  t h e  c h a r a c ­
t e r i s t i c  l i n e s  do n o t  c o m p l e t e l y  a g r e e  w i t h  t h e  g r i d  n e t w o r k  f o r  
t h e  t im e  d e p e n d e n t  s o l u t i o n .  An I n t e r p o l a t i o n  w s b  done b e tw ee n  
two p o i n t s  on t h e  c h a r a c t e r i s t i c  l i n e  so  t h a t  a n  i n t e r p o l a t e d  v a l u e  
o f  t h e  c o n s e r v a t i o n  v a r i a b l e s  w e re  o b t a i n e d  on  t h e  s t a r t i n g  l i n e ,  
i . e . ,  p o i n t  A and B F i g u r e  6 . 5 *  T h e n , a n  i n t e r p o l a t i o n  was done 
b e tw e e n  p o i n t s  on t h e  s t a r t i n g  l i n e  t o  o b t a i n  p o i n t s  on t h e  g r i d  
n e t w o r k  o f  t h e  t im e  d e p e n d e n t  s o l u t i o n ,  i . e . ,  p o i n t  C and D F i g u r e  
6 .3*  The i n t e r n a l  l i p  s h o c k  and t h e  i n v i s c i d  b o u n d a r y  i n  t h e  method 
o f  c h a r a c t e r i s t i c s  p r o g r a m  w ere  l o c a t e d  by  i n t e r p o l a t i o n  a l s o .
F i g u r e  6 . 1  shows a p r e s s u r e  p r o f i l e  on t h e  s t a r t i n g  l i n e  ABC i n  
F i g u r e  5 . 2  and  F i g u r e  6 . 5  shows a Mach number p r o f i l e .  N o t i c e  th e  
s m o o t h i n g  e f f e c t  due  t o  t h e  i n t e r p o l a t i o n  a r o u n d  t h e  i n t e r n a l  l i p  
s h o c k .  Even i f  t h e  u t m o s t  c a r e  i s  t a k e n  i n  o b t a i n i n g  jump c o n d i ­
t i o n s ,  t h e r e  w i l l  be  s m o o t h i n g  e f f e c t s  due  t o  t h e  i n t e r p o l a t i o n s .  
From F i g u r e  6 .5  i t  c a n  be Been t h a t  t h e  Mach number d r o p s  v e r y  
r a p i d l y  t o  a v a l u e  o f  z e r o  a t  t h e  i n v i s c i d  b o u n d a r y .  F i g u r e  6 . h  
c l e a r l y  shows t h a t  t h e  p r e s s u r e  f o r  t h e  i n v i s c i d  b o u n d a r y  i s  t h e  
s l i p  l i n e  c o n d i t i o n  im posed  on t h e  b o u n d a r y  w i t h  t h e  method o f  c h a r ­
a c t e r i s t i c s  p r o g r a m .  A s t a r t i n g  l i n e  a t  t h e  e x i t  p l a n e  c o u l d  a l s o  
be u s e d  t o  s t a r t  t h e  s o l u t i o n  b u t  t h e n  a h i g h e r  damping  c o u l d  h a v e  
b e e n  n e e d e d  i n  o r d e r  t o  damp o u t  t h e  o s c i l l a t i o n  o c c u r r i n g  a t  t h e
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n o z z l e  l i p .  T h i s  h i g h e r  dam ping  t e n d s  t o  sm ear  o r  s p r e a d  t h e  shock  
t r a n s i t i o n  t o  s u c h  a d e g r e e  t h a t  t h e  d e t e c t i o n  o f  t h e  I n t e r n a l  l i p
s h o c k  becomes v e r y  d i f f i c u l t .
I n i t i a l  Guess
As a n  i n i t i a l  g u e s s  t o  t h e  f l o w  f i e l d ,  t h e  s t a r t i n g  l i n e  c o n d i ­
t i o n s  w e re  assum ed  t o  h o ld  a t  any  a x i a l  p o s i t i o n .  F i g u r e s  6 . 6  and
6 . 7  show t h e  p r o g r e s s i o n  o f  t h e  s o l u t i o n  a f t e r  JthG i t e r a t i o n s .  Re­
c a l l  t h a t  th e  v a l u e s  o f  t h e  v a r i a b l e s  e v a l u a t e d  f o r  e ach  s t e p  i n  
t im e  become t h e  new g u e s s  f o r  t h e  n e x t  i t e r a t i o n .  F i g u r e s  6 . 6  and
6 . 7  show t h a t  t h e  l o c a t i o n  o f  t h e  Mach d i s c ,  r e c o g n i z e d  i n  t h e
f i g u r e s  by th e  v e r y  s t e e p  s l o p e s ,  i s  n e a r l y  t h e  c o r r e c t  p o s i t i o n  a s
shown i n  F i g u r e  6 . 8  and  6 . 9  w h ich  a r e  p l o t s  o f  Mach number and
p r e s s u r e  a f t e r  6 , 6 0 9  i t e r a t i o n s .
U n s t a b l e  P a r a m e t e r s
The t im e  d e p e n d e n t  s o l u t i o n  was s t a r t e d  w i t h  a s t e p  s i z e  
A t /A x  “ .500* t h i s  r a t i o  p r o v e d  t o  make t h e  s o l u t i o n  u n s t a b l e  b e ­
c a u s e  s t e p  s i z e  was so  l a r g e  t h a t  c o n v e r g e n c e  d i d  n o t  o c c u r .
C h an g in g  t h e  r a t i o  o f  A t /A x  from .5 0 0  t o  . 2 0 0  and  u s i n g  t h e  same 
i n i t i a l  g u e s s  f o r  t h e  U ' s  t h e  s o l u t i o n  became s t a b l e .  T h i s  v a l u e  
o f  A t /A x  ■ .2 0 0  was r e t a i n e d  f o r  t h e  r e m a i n d e r  o f  t h e  c a l c u l a t i o n .
The l e n g t h  o f  t h e  g r i d  n e t w o r k  was v a r i e d ,  s i n c e  B teep
g r a d i e n t  o c c u r r e d  f o r  some o f  t h e  d o w n s t re am  e x t r a p o l a t i o n s .
T h e s e  s t e e p  g r a d i e n t s  made t h e  e x t r a p o l a t i o n  u n s t a b l e ,  i . e . ,  
n e g a t i v e  v a l u e s  o f  d e n s i t y  a p p e a r e d  when u s i n g  t h e  e x t r a p o l a t i o n .  
F i g u r e  6 . 1 0  i s  a  p l o t  o f  t h e  d o w n s t r e a m  p o i n t s  a t  i t e r a t i o n  number 
IU 50  sh o w in g  t h e  s t e e p  g r a d i e n t s .  The l e n g t h  o f  t h e  c a l c u l a t e d
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Figure 6 .c  Test Case. Pressure A*ial Plot. Time Dependent Solution. 
Iteration = 6,609. r/De = O.CpC
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v a r i a b l e s  was begun  v i c h  a l e n g t h  o f  i.O d i a m e t e r s  d o w n s t r e a m  o f  t h e  
e x i t  p l a n e  and  was l a t e r  c h an g e d  t o  8 . 0  d i a m e t e r s  d o w n s t r e a m  o f  t h e  
e x i t  p l a n e .  T h i s  v a l u e  was  r e t a i n e d  f o r  t h e  r e m a i n d e r  o f  th e  
c a l c u l a t i o n s .  F i g u r e  6 . 1 1  shows a p l o t  o f  p r e s s u r e  a t  I t e r a t i o n  
number 6 , 6 0 9  f o r  t h e  d o w n s t r e a m  c o n d i t i o n .
Time D e p e n d e n t  S o l u t i o n  and  Method o f  C h a r a c t e r i s t i c s  S o l u t i o n
F i g u r e s  6 . 1 2  and 6 . 1 3  show two r a d i a l  p l o t s  o f  Mach number and 
p r e s s u r e  a t  a n  a x i a l  s t a t i o n  o f  2 . 5  d i a m e t e r s  a s  o b t a i n e d  from th e  
method o f  c h a r a c t e r i s t i c s  p ro g r a m  and t h e  t im e  d e p e n d e n t  s o l u t i o n  
a t  a n  i t e r a t i o n  number  6 , 4 7 3  and a damping  o f  1 . 0 .  From t h e  method 
o f  c h a r a c t e r i s t i c s  p r o g r a m ,  t h e  Mach number p r o f i l e  I s  f a i r l y  c o n ­
s t a n t  (M “  4 . 5 )  a l o n g  t h e  i n t e r n a l  l i p  s h o c k  w h e re  i t  d r o p s  t o  a 
v a l u e  o f  M * 3*2 and t h e n  r e m a i n s  c o n s t a n t  t o  the  i n v i s c i d  b o u n d a ry  
w h e re  i t  d r o p s  t o  a v a l u e  o f  z e r o .  The p r e s s u r e ,  F i g u r e  6 . 1 2 ,  a l s o  
r e m a i n s  f a i r l y  c o n s t a n t  up t o  t h e  i n t e r n a l  l i p  s h o c k  w h e re  i t  
s u d d e n l y  i n c r e a s e s  due  t o  t h e  s h o c k  w ave .  I t  i s  f u r t h e r  c o m p r e s s e d  
up t o  t h e  b o u n d a r y  w h e r e  t h e  p r e s s u r e  i s  t h e n  e q u a l  t o  t h e  a m b ie n t  
p r e s s u r e  and r e m a i n s  c o n s t a n t .
From F i g u r e s  6 . 1 2  and  6 . I 3 u s i n g  t h e  t im e  d e p e n d e n t  s o l u t i o n ,  
i t  c a n  be s e e n  t h a t  t h e  Mach number i s  f a i r l y  c o n s t a n t  (M ■ 4 . 5 )  
up t o  t h e  I n t e r n a l  l i p  s h o c k  w h e r e  I t  d r o p s  o f f  t o  a v a l u e  o f  z e r o .  
The v a l u e  o f  M * 4 . 5  a g r e e s  v e r y  w e l l  w i t h  t h e  one  c a l c u l a t e d  by 
t h e  m ethod  o f  c h a r a c t e r i s t i c s  p r o g r a m .  The p r e s s u r e  a l s o  s t a y s  
f a i r l y  c o n s t a n t  up t o  t h e  I n t e r n a l  l i p  s h o c k  and  t h e n  I n c r e a s e s  up 
t o  t h e  b o u n d a r y  w h e r e  I t  becomes and  r e m a i n s  c o n s t a n t .  C om par ing  
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Figure 6.11, Test Case. Downstream Condition. Stable Extrapolation
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Non-Dimensional  D i s ta n c e  r / D e
F ig u r e  6 .1 2  Tes t  Case. Method of C h a r a c t e r i s t i c s  vs Time Dependent 
S o l u t i o n  P l o t  o f  P r e s s u r e .  x/De * 2 .50
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Non-Dimensional D is tan ce  r/D,
F igure  6 . 1 %  Test Case. Method of C h a r a c t e r i s t i c s  vs Time Dependent 




can  be s e e n  t h a t  t h e  g r e a t e s t  d i f f e r e n c e  b e tw een  t h e  two e o l u t l o n a  
I s  t h a t  t h e  t im e  d e p e n d e n t  s o l u t i o n  " s m e a r s "  t h e  v e l o c i t y  a t  t h e  
b o u n d a r y .  More s p e c i f i c a l l y ,  t h e  t im e  d e p e n d e n t  s o l u t i o n  doeB n o t  
p l a c e  a s l i p  l i n e  c o n d i t i o n  on  t h e  b o u n d a r y .  I f  t h e  i n v l s c l d  
b o u n d a ry  ( i n  t h e  t im e  d e p e n d e n t  s o l u t i o n )  i s  assumed t o  o c c u r  w here  
t h e  p r e s s u r e  r e m a in s  c o n s t a n t  and  iB e q u a l  t o  t h e  a m b i e n t  p r e s s u r e ;  
t h e n ,  t h e  Mach number a t  t h e  boundary  c a l c u l a t e d  by t h e  t ime d e ­
p e n d e n t  s o l u t i o n  i s  e q u a l  t o  2 . 0  w h i l e  f o r  t h e  method o f  c h a r a c ­
t e r i s t i c s  th e  v a l u e  Mach number i s  3 . 1 .  U s in g  t h e  p r e s s u r e  bo u n d a ry  
and th e  t im e  d e p e n d e n t  s o l u t i o n  h a s  th e  e f f e c t  o f  making th e  plume 
a p p e a r  s m a l l e r  i n  d i a m e t e r .  The p r i n c i p a l  d i f f e r e n c e  b e tw een  t h e  
method o f  c h a r a c t e r i s t i c s  s o l u t i o n  and t h e  t im e  d e p e n d e n t  s o l u t i o n  
i s  a t t r i b u t e d  t o  t h e  " s m e a r i n g "  o f  t h e  s h o ck  by t h e  t im e  d e p e n d e n t  
s o l u t i o n .  Note  t h a t  b o th  l e v e l s  o f  dangling shown p r o d u c e  c o m p a r a b le  
" s m e a r i n g " .
Damping E f f e c t s
S e v e r a l  r u n s  w e re  made w i t h  d i f f e r e n t  v a l u e s  o f  t h e  damping 
c o e f f i c i e n t .  F i g u r e  6 . 7  shows t h e  a x i a l  p l o t  o f  t h e  Mach number a t  
a r a d i a l  p o s i t i o n  o f  r  * . 0 5 0 .  Around th e  Mach d i s c  t h e r e  i s  
n o t i c e a b l e  o s c i l l a t i o n  shown i n  t h e  su d d en  I n c r e a s e  o f  th e  Mach 
number p r i o r  t o  th e  su d d en  r e d u c t i o n .  F i g u r e  6 . 9  shows a s i m i l a r  
p l o t  w i t h  a damping  c o e f f i c i e n t  o f  ^ .00  and i t  i s  o b v i o u s  t h a t  t h e  
o s c i l l a t i o n ,  a r o u n d  t h e  Mach d i s c  h ave  been  damped o u t .  T h i s  
i l l u s t r a t e s  t h e  f a v o r a b l e  r e s u l t  o f  u t i l i z i n g  dam ping .
F i g u r e  6 . 1 ^  shows r a d i a l  p l o t s  o f  p r e s s u r e  f o r  two v a l u e s  o f  
t h e  damping c o e f f i c i e n t .  F i g u r e  6 . 1 5  shows s i m i l a r  p l o t s  f o r  Mach
40 .0 _ _  I terat ion  = 6,609I t e r a t i o n  -  6 , 4 7 3
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I t e r a t i o n  * 6 ,473 “ “ I t e r a t i o n  = 6,609
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num ber .  I t  c a n  be s e e n  t h a t  t h e  e f f e c t  o f  t h e  g r e a t e r  damping  h a s  
r e s u l t e d  i n  a " s p r e a d i n g "  o r  " s m e a r i n g "  o f  t h e  I n t e r n a l  l i p  s h o ck  
o v e r  more g r i d  p o i n t s .
F i g u r e s  6 . 1 6  and  6 . I 7  show t h e  p l o t s  o f  Mach number and  p r e s s u r e  
f o r  a dam ping  c o e f f i c i e n t  1 . 0 .  F i g u r e  6 . 1 6  shows a v e r y  h i g h  p r e s ­
s u r e  r e g i o n  a r o u n d  6 d i a m e t e r  d o w n s t r e a m  o f  t h e  e x i t  p l a n e .  F i g u r e
6 . 8  i s  a s i m i l a r  p l o t  t o  t h a t  o f  F i g u r e  6 .16  b u t  w i t h  i n c r e a s e d  
d am p in g .  The h i g h  p r e s s u r e  r e g i o n  h a s  b e en  d e c r e a s e d ,  b u t  n o t e  t h a t  
w i t h  i n c r e a s e d  dam ping  t h e  i n t e r n a l  l i p  s h o c k  i s  " s m e a r e d "  m ore .
F i g u r e  6 . 1 8  shows a f lo w  p i c t u r e  d rawn from a n  i t e r a t i o n  number 
6 , ^ 7 3  f o r  t h e  s o l u t i o n .  The h i g h  p r e s s u r e  r e g i o n  o b s e r v e d  on  
F i g u r e  6 . 1 6  i s  a s s o c i a t e d  w i t h  t h e  r e v e r s e  f l e w  shown on F i g u r e  6 . 1 8 .  
T h i s  c o m p r e s s i o n  i n  t h e  B u b so n ic  r e g i o n  i s  q u a l i t a t i v e l y  s i m i l a r  to  
t h e  c o m p r e s s i o n  shown on  F i g u r e  2 . 1 6 .  The f lo w  on F i g u r e  6 .19  i s  
w e l l  b e h a v e d ,  s i n c e  t h e  r e v e r s e d  f lo w  shown on F i g u r e  6 . 1 8  i s  n o t  
a r e a l i s t i c  phenom ena .  The i m p l i e d  c o m p r e s s i o n  w i t h  t h i s  dam ping  
l e v e l  r e s e m b l e s  much more c l o s e l y  t h u t  shown i n  F i g u r e  2 . 1 6 .  I n ­
d i c a t i o n s  a r e  t h a t  dam ping  l e v e l s  ami a l s o  dam ping  s c h e m e s ,  may 
c a u s e  u n r e a l i s t i c  f lcwB to  be c r e a t e d  by s u r f a c e s  o f  d i s c o n t i n u i t y .  
H o w ev e r ,  some dam ping  l e v e l s  p r o d u c e  c a l c u l a t e d  r e s u l t s  w h ic h  a r e  
q u a l i t a t i v e l y  r e a s o n a b l e  and  t y p i c a l .  The r e s u l t s  a r e  shown on  
F i g u r e s  6 . 9 *  6 . 1 9 ,  and  6 . 2 0 .  " S m e a r i n g "  o f  t h e  i n t e r n a L  l i p  sh o c k  
and  o f  t h e  plume b o u n d a r y  i s  g r e a t e r  t h a n  t h a t  d e s i r e d .  A l s o ,  t h e  
Mach number b e h i n d  t h e  d i s c  i s  B u p e r s o n l c  o v e r  a n  a p p r e c i a b l e  r e g i o n  
o f  t h e  f lo w  f i e l d ;  t h e r e f o r e ,  t h e  dam ping  l e v e l  o f  U.O i s  u n ­
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Figure 6. 20 .  Test Case. Mach No. Axial P lo t .  Time Dependent S o lu t io n  
I t e r a t i o n  * 6,609* r /De M 0.250
128
129
r e g i o n  i s  v e r y  s m a l l .  T hese  o b s e r v a t i o n s  Lead one t o  s p e c u l a t e  a s  
t o  t h e  d e s i r a b i l i t y  o f  s i g n i f i c a n t l y  c o m p l i c a t i n g  th e  c a l c u l a t i o n  
by i n c l u d i n g  s u f f i c i e n t  l o g i c  t o  c r o s s  sh o ck s  w i t h o u t  u s i n g  a t i n e  
d e p e n d e n t  scheme. T h i s  m a t t e r  w i l l  be d i s c u s s e d  a t  g r e a t e r  l e n g t h  
i n  t h e  s e c t i o n  o f  t h i s  r e p o r t  e n t i t l e d  RECOMMENDATIONS AND CLOSURE.
The d i s c r e p a n c y  in  t h e  s u b s o n i c  r e g i o n  may be due  to  an i n ­
c r e m e n t  " jum p"  c o n d i t i o n  imposed on th e  f l a w  by th e  d i f f e r e n c e  scheme. 
The c o n s e r v a t i o n  e q u a t i o n s  i n  a x i s y v n c t r l c  fo rm  a r e  n o t  i n  d i v e r g e n c e  
o r  c o n s e r v a t i o n  fo rm ,  i . e . ,  a s  shown i n  E q u a t i o n  U . 7 . The "jump" 
c o n d i t i o n s  f o r  t h e  i n t e r n a l  l i p  shock  do n o t  p o s s e s s  t h i s  p rob lem  
s i n c e  t h e  "Jump" c o n d i t i o n s  a r e  e s t a b l i s h e d  by t h e  s t a r t i n g  l i n e .
Mach D i s c  A n a l y s i s
F i g u r e s  6 . 2 1  - 6 , 5 0  show a x i a l  p l o t s  o f  Mach number a t  s e v e r a l  
d i f f e r e n t  v a l u e s  o f  r a d i a l  p o s i t i o n ,  r / D e . The l o c a t i o n  o f  the  
shock  wave i s  d e t e r m i n e d  by t h e  c o n t i n u a t i o n  o f  t h e  smooth c u r v e  
by a d a s h e d  l i n e  and  th e  i n t e r s e c t i o n  w i t h  t h e  c u r v e  a s  i t  d r o p s ,  
p o i n t  E i n  F i g u r e  6 . 2 1 .  F i g u r e  6 . 3 1  i s  a p l o t  o f  t h e  shock  p o s i t i o n  
a s  c a l c u l a t e d  f rom t h e  t im e  d e p e n d e n t  s o l u t i o n .  The l i n e  above t h e  
f i g u r e  shows t h e  e x p e r i m e n t a l  v a l u e s .
The c u r v a t u r e  o f  t h e  Mach d i s c  a s  d e t e r m i n e d  by t h e  t ime  d e ­
p e n d e n t  s o l u t i o n  i s  convex  tow ard  t h e  e x i t  p l a n e .  From F i g u r e  5 . 1  
i t  i s  i m p o s s i b l e  t o  d e t e r m i n e  th e  c u r v a t u r e  o f  th e  d i s c ,  s i n c e  i n  
a x i s y r a n e t r i c  p lumes  a shadowgraph  p i c t u r e  d o es  n o t  p r o d u c e  r e s o l u ­
t i o n  i n  d e p t h  s u f f i c i e n t  t o  d i s t i n g u i s h  b e tw een  concave  to w a rd s  o r  
away from t h e  e x i t  p l a n e .  I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  Mach 
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Figure 6 . 21. T est Case. Mach D isc  L ocation . A.xlal P lo t








F ig u r e  6 . 2 2 .  T e s t  Case.  Mach Disc  L o c a t io n .  A x ia l  P l o t  
Mach No. r / D e = .150.  I t e r a t i o n  * 6,U73
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Non-Dimensional D is ta n c e  ( V 0*)
Figure 6 . 25 . T est Case. Mach D I b c  Location* A x ia l P lo t









Non-Dimensional D is t a n c e  (x/De)
Figure 6.21*. T est Case. Mach D isc  L ocation . A x ia l  P lo t
Mach No. r/De = -250. I t e r a t io n  = 6 , k 73
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Figure 6 . 26. T est Case. Mach D isc  L ocation . A xia l P lo t










Non-Dimensional D i s t a n c e  (x/ De)
Figure 6 . 27 . Test Case. Mach D isc  L ocation . A x ia l P lo t
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Figure 6.20.  T est Case. Mach D isc  L ocation . A x ia l Plot












Figure 6.29* T est C ase. Hach D isc  L ocation . A x ia l Plot
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Figure 6 . 3 0 . Teat Case. Mach D isc  L ocation . A x ia l  P ie t
Mach No. r/Dfe = . 5 5 0 . I t e r a t io n  = 6,^73
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a c c u r a c y  o f  t h e  m easu rem en ts  t h a t  c a n  be made from t h e  p h o t o g r a p h s .
I t  i s  f e l t  t h a t  t h e  a c c u r a c y  o f  t h e  c a l c u l a t i o n  method h i s  been
a d e q u a t e l y  d e m o n s t r a t e d .
S i n h a , Zakkay and E rdos  ( R e f e r e n c e  6 . 1 )  and D ' A t t o r r e  ( R e f e r ­
e n ce  (j. 2 )  h ave  r e p o r t e d  s o l u t i o n s  u s i n g  t i n e  d e p e n d e n t  t e c h n i q u e s  
t o  f lo w s  c o n t a i n i n g  a Mach d i s c .  The f i r s t  o f  t h e s e  r e f e r e n c e s  
shows c a l c u l a t i o n s  f o r  a p l a n e ,  tw o - d i m e n s i o n a l  u n d e re x p an d e d  j e t .  
For  t h e s e  c a l c u l a t i o n s ,  damping was n e c e s s a r y  and th e  " ju m p s ’* a c r o s s  
t h e  d i s c  were  n o t  c o n s i s t e n t  w i t h  o n e - d i m e n s i o n a l  e x p e c t a t i o n s .  The
t w o - d i m e n s i o n a l  e x p e r i m e n t a l  d a t a  w hich  c o r r e s p o n d e d  t o  t h i s  s e t  o f
c a l c u l a t i o n s  had some u n e x p l a i n e d  e x t r a n e o u s  s h o c k s  i n  t h e  flow 
f i e l d  and a r e  t h e r e f o r e  c o n s i d e r e d  to  be o f  l i m i t e d  v a l u e .  I t  i s  
w e l l  to  n o t e  t h a t  t h e  tw o - d i m e n s i o n a l  f low  e q u a t i o n s ,  E q u a t i o n  5 .2 4 ,  
a r e  o f  th e  c o n s e r v a t i v e  fo rm ,  w h e rea s  t h e  a x i s y m m e t r i c  e q u a t i o n s  a r e  
n o t  o f  t h i s  fo rm.  The second  r e f e r e n c e  d e s c r i b e s  a d i s c  c au se d  by 
im pingem ent  on a s u r f a c e ;  t h e r e f o r e ,  a d i r e c t  c o n ^ a r i s o n  i s  n o t  
c o n s i d e r e d  a p p r o p r i a t e .  I n  g e n e r a l ,  b o th  o f  t h e s e  works  s u p p o r t  
th e  o b s e r v a t i o n s  made i n  t h i s  s t u d y .  S l n h a ,  Z a k k a y ,  and Erdos  
r e p o r t e d  t h a t  t h e i r  method r e q u i r e d  s e v e n  h o u r s  o f  c o m p u te r  t im e  t o  
r e a c h  a s t e a d y  s o l u t i o n .  The c o m p u te r  t im e  r e q u i r e d  f o r  t h e  f i r s t  
360 i t e r a t i o n s  was a p p r o x i m a t e l y  e q u a l  t o  15 m i n u t e s .  R e f e r r i n g  
t o  F i g u r e  6.6 and 6.8 i t  i s  s e e n  t h a t  t h e  s h o ck  l o c a t i o n  and t h e  
s u p e r s o n i c  r e g i o n  had  a l r e a d y  c o n v e r g e d .
CONCLUSIONS
The Mach d i s c  was d e t e r m i n e d  w i t h i n  t h e  a c c u r a c y  o f  th e  e x p e r i ­
m e n ta l  m easu rem en t  made. F i g u r e  6.34- shows t h e  l o c a t i o n  and shape
U n c e r t a i n t y  on Mach Disc U n c e r t a i n t y  on
Measurements Thickness  Measurements
1
ot O.iGG +0. 2C
1
I n t e r n a l  Lip 
Shock
F igu re  6,51* Mach Disc C a l c u l a t e d  Geometry
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o f  the  Mach d i s c  a s  d e t e r m i n e d  from t h e  t ime  d e p e n d e n t  s o l u t i o n .
The t h i c k n e s s  and p o s i t i o n  o f  t h e  Mach d i s c  a s  d e t e r m in e d  from a 
s t a t i s t i c a l  a n a l y s i s  i s  shown on F i g u r e  6 .5 1  by the  shaded  a r e a .  
N o t i c e  from th e  p i c t u r e  t h a t  the  w i d t h  o f  t h e  shock  as  d e t e r m i n e d  
from th e  t im e  d e p e n d e n t  s o l u t i o n  i s  w i t h i n  t h e  e x p e c t e d  v a l u e s .
Flow p r o p e r t i e s  downst ream o f  the  Mach d i s c  w e re  found  to  be 
s t r o n g l y  d e p e n d e n t  on t h e  damping c o e f f i c i e n t  uBed; h o w e / e r ,  the  
l o c a t i o n  o f  th e  Mach d i s c  was found t o  be r e l a t i v e l y  ind  p e n d en t  o f  
t h e s e  v a l u e s .  S i n c e  r e t e n t i o n  o f  damping i s  n e c e s s a r y  t o  m a i n t a i n  
s t a b i l i t y ,  i t  a p p e a r s  d e s i r a b l e  t o  i n c l u d e  a d d i t i o n a l  l o g i c  f o r  th e  
p u rp o se  o f  c r o s s i n g  a l l  s u r f a c e s  o f  d i s c o n t i n u i t y .  A d d i t i o n a l  
d i f f i c u l t i e s  may be e n c o u n t e r e d  b e ca u s e  n o n - c o n s e r v a t i v e  forms of  
th e  e q u a t i o n s  have  been  s o l v e d ;  h o w e v e r ,  s i m i l a r  d i f f i c u l t i e s  have  
been  o b s e r v e d  in  c o n s e r v a t i v e  form s o l u t i o n s .
S i n c e  t h e  i n t e r n a l  l i p - s h o c k  and t h e  Mach d i s c  a r e  ' sm eared"  
by dam ping ,  a compromise must  be made be tw een  o b t a i n i n g  v a l i d  
s u b s o n i c  s o l u t i o n s  and  r e t a i n i n g  a d e q u a t e  r e s o l u t i o n  f o r  d e t e r m i n i n g  
shock  l o c a t i o n s .  The s u p e r s o n i c  c o r e  bounded by t h e  i n t e r n a l  l i p -  
shock  and  t h e  d i s c  i s  e s s e n t i a l l y  i n d e p e n d e n t  o f  t h e  damping c o ­
e f f i c i e n t  u s e d .
P r e s s u r e s  shown i n  F i g u r e  6 . 1 2  may be i n  e r r o r  b eca u se  a s t a g n a ­
t i o n  t e m p e r a t u r e  was a ssu m e d .  Had t h i s  been  r e p o r t e d ,  b e t t e r  com­
p a r i s o n s  o f  p r e s s u r e  p r o f i l e s  s h o u ld  have  been  o b t a i n e d .
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Based on  t h e  r e s u l t s  p r e s e n t e d  In  t h i s  s t u d y ,  t h e  f o l l o w i n g  
reco m m en d a t io n s  a r e  made.
1 .  The t ime d e p e n d e n t  s o l u t i o n  d e s c r i b e d  h e r e i n  f o r  the  mixed-  
f lo w ,  a x i s y m m e t r i c  plume p ro b le m  may be u sed  t o  o b t a i n  a c r u d e  
e s t i m a t e  o f  t h e  f low  p r o p e r t i e s  f o r  t h e  e n t i r e  p lume.
P.  To e s t i m a t e  m i x e d - f l o w ,  a x i s y m m e t r i c - p l u m e  p r o p e r t i e s  a s  
a c c u r a t e l y  as  p o s s i b l e  t h e  f o l l o w i n g  p r o c e d u r e  i s  s u g g e s t e d .
A. A m e t h o d - o f - c h a r a c t e r i s t i c s  p ro g r a m ,  which c o n t a i n s  th e  
l o g i c  n e c e s s a r y  t o  i n c l u d e  a Mach d i s c  w i t h  a s s o c i a t e d  o n e -d im e n ­
s i o n a l  s u b s o n i c  flow f o r  a f low  f i e l d  i n  w h ich  t h e  t r i p l e  p o i n t  ha s  
been  l o c a t e d  by one o f  th e  a v a i l a b l e  e m p i r i c a l  t e c h n i q u e s
s h o u ld  be u sed  t o  c a l c u l a t e  an  i n i t i a l  s e t  o f  c o n s e r v a t i o n  v a r i ­
a b l e s .  The c h a r a c t e r i s t i c s  p rog ram  s h o u ld  have  an  i n t e r n a l  i n t e r ­
p o l a t i o n  c a p a b i l i t y  t o  p r o v i d e  f low  p r o p e r t y  d a t a  f o r  an  a x i a l  and 
r a d i a l  g r i d  a r r a y .  T h i s  a r r a y  s h o u ld  be p r e p a r e d  in  su ch  a manner 
t h a t  i t  w i l l  be s u i t a b l e  f o r  i n p u t  t o  t h e  t im e  d e p en d e n t  program.
B. The t ime d e p e n d e n t  p ro g ram  d e s c r i b e d  h e r e i n  s h o u ld  be 
ru n  f o r  a s  low a  damping l e v e l  as  p o s s i b l e  t o  d e t e r m i n e  t h e  l o c a t i o n  
o f  th e  Mach d i s c .  A d d i t i o n s  to  t h e  p ro g ram  s h o u l d  I n c l u d e :  l o g i c  
f o r  c a l c u l a t i n g  t h e  c r o s s i n g  o f  t h i s  d i s c  w i t h  t h e  R a n k i n e - H u g o n l o t  
relations, logic for performing the praoaure itera tion  n e c a s s a r y  to 
e s t a b l i s h  t h e  i n i t i a l  r e f l e c t e d  sh o c k  a n g l e  and  s l i p  l i n e  a n g l e  f o r
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the g iv e n  Mach d i s c  l o c a t i o n ,  and l o g i c  fo r  r e s t a r t i n g  the time 
dependent program from a new i n i t i a l  data  p lan e  d o w a a tra a io  o f  th« d i s c .  
When t h e s e  a d d i t i o n s  have been made, the remainder o f  th<' plume may 
be c a l c u l a t e d .  The i n i t i a l  e s t i m a t e  for  c o n s e r v a t i o n  v a r i a b l e s  in  
t h i s  second s t a g e  o f  the c a l c u l a t i o n  must be d e term in ed .  No changes  
are  b e l i e v e d  n e c e s s a r y  t o  the p r e s e n t  method o f  t r e a t i n g  boundary 
c o n d i t i o n s  nor to  the p r e se n t  damping scheme. The recompress  ions  
i n d i c a t e d  in both ex p er im en ta l  and c a l c u l a t e d  f lo w  f i e l d  data  
i n d i c a t e  t h a t  a o n e -d im e n s io n a 1 su b so n ic  model w i l l  not  a c c u r a t e l y  
r e p l a c e  t h i s  c a l c u l a t i o n  s t e p .
2■. Real gas f l u i d  p r o p e r t i e s  should  u l t i m a t e l y  be Lncluded 
in th e s e  a n a l y s e s .
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APPENDIX A 
TIME DEPENDENT COMPUTER PROGRAM LISTING
A l i s t i n g  o f  t h e  t ime d e p e n d e n t  p rogram  t h a t  was d e v e lo p e d  
i n  t h i s  r e s e a r c h  i s  g i v e n  i n  t h e  f o l l o w i n g  p a g e s .  The co m p u te r  
p ro g ram  was s t a r t e d  by i n i t i a l i z i n g  t h e  f o l l o w i n g  v a r i a b l e s
C,CY damping  c o e f f i c i e n t
GAMA s p e c i f i c  h e a t  r a t i o
DTX At/Ax
DELTX g r i d  s p a c i n g
IM maximum number o f  g r i d  p o i n t s  i n  th e
x - d i r e c t i o n
JM maximum number o f  g r i d  p o i n t s  i n  th e
r - d i r e c t i o n





1 ‘. ij ( *» f 1 -T f ' )
u  -v . -  Ki i os< ** t
. ./■ -!u‘ m  u s
O'- M 1 \ /■ J V ‘ t  T /  J 
L l ^
C' VT I MCl u / j FLT , LTX, JTxd 
COMMON/v I SCVC. CDTX , c  Y f C W
PE AD I M T U l  wUESS 
P FAD FPFF BOUNDAh Y 
k FAJ IN SPACE DATA
K E-AD ( E, I JC I 1 
K CO FORMAT! ie,»
GO TO ( !:■/ ,2c , 3 (  , AFC I , I
l r -- c a l l  o a t a i  
GC TO 10 
'(.HJ CALL DATA?
GO TU K  
3CP CALL DATA3 
CO TO 10 
CALL DAT A A 
ID CONTINUE 
ITE«=C
C DOUNUABY CONDITIONS FGF INITIAL DATA
'-VALUATION IjF INITIAL LINE hi:n. h M i 
r : t  I PC V-C























C VISCOSITY X- URECTI CN
c
C A L L  V S C G X  
BUUNJAKY CUND1 F1 UN
V I S C O S I T Y  Y - D I R E C T I O N  
C A L L  V S C Q Y  
bUUNUAKY COMOI I ION 
C A L L  DOWE XT
T E S T  F O R  N E G A T I V E  d e n s i t i e s  
C A L L  T E S T D E
I F ( I T E R . F Q . 135)GO TC A 
I T E R =  I T E R +  I  
GO TO 1
A rtPITEl M I I ( U 1 I * J * K | , 1 * 1 , 4 1 , J = l , 1 8 0 1 , K » 1 * 4 0 1 , KOUNT 
3S Cl  FURSATI IOX * 1 ITfcRAl ILN** * 1 6 /  /  ILX,  *C= 1 l u « t * / / l w A ,  ' ^ l l T AT = ' , F I w.  j / / l  
1 0 X t * Q E L T T / D E L T X = ' , F 1 C , 6 / / 1 0 X , ' C Y = '  , F I G . 6  1





SUb *■ r  *J"< ! ‘i t  Fi VF, A C
' ! I '4 L \  SI  J ■ i U I u i 1 r  > i 4  ‘ I t U ^ A* ( 4  »t  t  4  .  )
□ iMt^si <jn f (4,2 ,4^ > ,g(4,: ,4 .) ,h ( 2 ,<»: i
□ I MANSI ON F B A R l 4 t 2 , 4 0 )  , G B A M 4 » 2 * 4 l ) , H B A H ( 2 , 4 u »
DI MF NS I ON F C ( 4 f 4 i  I
C C M M U N / U V E C T O / U  
C U M M O N / U I N T E R / U S A R  
C O M M O N / F G H / F , G , H  
C O M M O N / F G H I N T / F B A k t G t J A R , N B AS
c o m h o n / f g h c o n / f c
C O M MO N /  T I MECCj / O E L T , U T  X , 0 T X 5
C O M M O N / $ P C E C U / J M , J M L 1 , J M L 2 , J M L 3 , I M, I ML 1 ,  I M L 2 » I ML 3 , I ML 4
C G MMO N / B K K E E P / N l t N2
C O M M O N / L I M I T 1 / J M I N , J M X
r l ) MMQ N / L l MI T 2 / J Ml  BAR,  JMX BAR
C U M M O N / L I  M I T 3 / J M X N E *
C O M M O N / E  X T R A / I X T R A P
X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X A X X X X X X X X X X X X X X X X X X X X
x  X
X E V A L U A T I O N  OF  V E C T O R  U I 2  » I t  J  t  N * 1 1  BY U S I N G  A X
X T WO s t e p  l a x  w e n d r o f f  w i t h  f o r w a r d  X
C X B A C K W A R D  d i f f e r e n c e  s c h e m e  X
X X
X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
S E T T I N G  i n d e x e s
I i s  t h e  c o l u m n  b e i n g  e v a l u a t e d  
J I S  T m c  r o w  r f i n g  e v a l u a t e d
J M I N = 2  
J MX=JMt  I  
j r i l  '-J A R -  2 
JMXBAR=JML2  
J MXNEw=JML2






i f -  w  = i ♦ 1
E V A L UAT I UN OF F, G, H F f U CELUNN 0
r
call  FGHVE( I )
41 = \ 2
N2=MUD(N2*2>+1
C








—  t  . r -  -  , r *  a  ~  r ° G  f  O f  ' M l  “ 1
V *-* L» _J * A —* * L. « ■ f  o  I  > ■- —
C
CALL FIGIHI
EVALUATI ON nF U ( Z , Z , J t N + l )  U S I N G  BACKWARD DI FFERENCE
JO 1 J=2, JML2  
DO 2 I V A L U E = 1 , 4
U(  I V A L U E , I , J t  = C . 5 i ’ t * (  U(  I V A L U E , I  ,  J 1  + U b A R l I V A L U F , N 1 , J J  + 
n T K * ( F B A k ( I V A L U E , M » J ) + G R A R ( l V A L J : ' , N l , J » -
2F C ( l VALJ L, J ( - GDAr ( I V« LUC, | - , i , J - i  I » I 
2 CONTINUE
1 >K 3 ,  I ,  J > = i n ,  I ,  J I O T X 5 * H B A R < N l  , j »
C EVALUATION ̂ F U ( Z , l , J , N + n  F l]w I OF t  AT Fk THAN 2.
r
■ir ' - r = j , i ■ l : 150
O 
C l
j t  \   ̂ ? i +1 
I F .]*. * = I ♦ 1
c
C EVALUATION f F AT 1 + 1
CALL FGHVE t i F [■»* W I
c
C EVALUATION OF U BAH AT I USING FLHHARD DIFFERENCE
CALL Ul \ F J * <  I I




C EVALUATI ON OF U ( Z t I , J » N + l l  U S I N G  BACKwAfiU DI FFERENCE
r  ■ i i i' ■ >- ■ * f t )
3 CONTI NUE  
I X T R A P = 0  




bU^r*f L T [ 4f  ̂ A P I , E
U I 1 ” 4 w ! i 1 ( A , ). p ^ » V  ) i J L A P i ^  i ^  )
o r i -  , S  I l ' , t- ( ^ , 2 , * C  I . M A , 2 , " *  \ f ' M 2 , V »
U I  MENS  I UN F H A r l ( 4 , ? t f c C ' | | l i p A H ( 4 t t 2 , f c . . ' U H 3 A K ( 2 f <*wl
i ) i y t n s I l-\  f c k , a u
CuMMOG/ uVi rC TG/ U
C C MMO N / U l N T E k / U B A R
C u M M O N / F G H / F , G f H
CCMMON/ FGHCON/ FC
C O MMO N / T I ME C Q / D E L T , G T X , D T X S
C O MM O N / S P C E C O / J M, J ML 1» JML2 , JML3 , I « , I ML 1 ,  I ML2 ,  I 3 ,  I ML <+
C u MM C N / F G H l N T / F b A R . G f l A R , H B A R
COMMON/ BKKE E P / N 1 , N2
C C M M O N / L I M I T I / J M I N . J M X
CC* MON/ L 1 M  T 2 / J M  B AR,  JMX8AR
COMMC N / L I MI T 3 / J MXN E U
COMMON/ EXTRA/ I XTRAP
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
A x
X EVALUATI ON OF VECTOR U ( Z t I « J • N + 1 )  3V U S I N G  A X
X TWO STEP LAX- WENDROFF W I T H BACKWARD X
X FORWARD DI F F ERENCE SCHEME.  X
X X
x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  
S ETTI NG I NDEXES
I I S  THE COLUMN UNDER EVALUATI ON  
J I S  THr riOh UNDER EVALUATI ON  




JMX = J ML 1
JMB A K = 2 
JmXl>Ak = JML2 15?
J XV = J H 3
i-v al j ;  r i i'\i l F f , g »h n  c l l u^ n 2.
CALL FG*VF( II
EVALUATION OF UBAk AT COLUMN 2 USING BACKr AkU DIFFERENCE
DC 1 J ~ 2 t  JML2 
DC 2 I VALUE = 1 • A
A = F ( I V A L u t , N i , J t + G ( I V A L U L , N l , J |  
o = FC U V A L J c , JI*G{ IVALUE, N l , J - l I  
A= A-tt 
A=DTX*A
U B A R ( I VALUEi Nl t  J ► =A + U(I  VALUE, I , J) 
U B A R ( 3 . M » J l * u a A P ( 3 f M f J | + DEL T * h t M* J »
EVALUATiuN UF FtjAK, GbAft , H6AR wl COLUMN i%
CALL F I G I H I  
DO 3 1 = 2 ,  I ML 2 
N1 = N2
N2 = N O D ( N 2 , 2 ) M  
1 F 0 R W = I + 1
EVALUATION OF F , C, H AT COLUMN I + l 
CALL FMHVE( IFCRW)
EVALUATION OF U6AP AT COLUMN I+I  USING BACKWARD DIFFERENCE 
CALL UINC'ACU FURR \
EVALUATION OF I- f / r • GEAR, HB A R AT COLU^1 1*1
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" a l l  *■ ; ..} 11 > l
L VALjAT j - -V J ( 2 , I , J , \  + 1 ) ' j :  If.,. • “ ..Ah I • • ; • r ,  . T ^ T rt  ̂ r JWS
■HFC:-<I tMl. fr' f-r- $ ' Jk f  AC r j  INC E Ttj :- L - S T  ^ r c i,<-t T ^ E F r t E  S u k FACE
IS A SPECIAL CASE
l ALL U\ f  * r M I I
EVALUATION C F u t Z  » I , J - 2  , N* 1  ) .  J - 2  I S SPECI AL L ‘- S - .
0 0  4  1 V A L U E = 1 , 4
■JU VALUt , I , JML2 » = C. S-JC : *(  U(I  VAL'J E , I t J ML2 ) * ' J ^ A- ( I v AL' j F , N2 ! J4L 2 I + 
IDTX*1FBAPIIVALUE ,N1 . JML? I+G< IVALuEf N2,  JMLi I -  
2 F P AMI  VALUE, N2. JML2>-GBAR( I VALUE, V , JML2))  I
4 c o n t i n u e
J( 3 . I » JML2 I = U O . I t JML2I * 01 XS *Hb Ah 1 \ 2  t J UL 2 »
3 C O N T I N U E
1 XT kAF =0 





















X r X — —*
X 3 X —1 —> "1
X _J X *■ v
X o X •—4
X o X »■ +• 3
X X
X X X '—• o
X 3D X 3 3 <1
X X «
lO X X X Q Lj >v
Z X * X <1 <
■ *~ X o X 3 3 i 4
—. LJ X •* X 3 <
» X LL X ■> > y
-J rr, X X « « <f
<1 X 3C X
x J y X D X r j «
— c X ►— X <1 t j H-
7 L3 X o X £ ' j LQ*- » X LU X lH <L LH <, a.
.—. 'NJ X > X 7 jL 3
< X X 1 + 1 + o
4 n X lL X — rg ■—* *
*■ X < X o X > >
, s r i— '_r> X X * tf
fc. X 2 X fSl rv ■—* •»
X o X < -a
■w X X <. X M X £ A r
.3 — h— 3C X X 1— X < “ 5 < *—■
» ,. _ . 1 "1 <i X < X O 3 3 w
* ** *■ l? rg X 3 X — ♦ * — + V
*- K’ w * : X —J X * —> rg rg —> —1 rr f* ^
V -J 1—1 <i « X <3, X fT> - t 3- X •p > X Cj
■1 LO J7 OJ X £ #—* X > X X * « « -li
r  . 3 •- < / iy> X LU X X A * M rO 3 <t •* 2 f* * t 3
► - N X, 3 X X t : — > rO — — (NJ < 2. *» <3 .
sT 3 •. -x LL X X X >r —* £ rg < ’—* £ <;
W' <L i— U- O *—» LO LL. o X X •» ♦ •t 3 <t X O 3 o 1
L; -5 H \ u . *— n lL. < X X 2 I—» I—) <M M *— 3 1 O » 1 1 LL f j - 1 ,0
i X 5. r 3" V X X M •t X * ii 11 11 ii M II ii 11 *:
* > .3 X-4 i—-. ■3 x . X X x: rvi » fNJ pn — —■ — .—■ — * W
J LL K O X X o w f\J p i 4 —> ” 1 —i “ i II
•■ -i *— * "s. N "x x . X X 11 N o X 3 Z> < * * •• • —-
U) Z ' -w j Z X X # * 11 * # x: #—t i < * i—« <— * # < — I
* ,7 - > C 1 o j o J J X X • c TN m < Z ’ * *T r
. J .1J •Al 5 7L T- X X X X X X X -J X X o » ♦ * m-
; * •y V X X X K X II H H II ii h pH r î «—1 r\j ■ . *>
*—» •— L c_ z> o 3 X X Q pH fvj r^) 3 CM m LT> v* w ■*— —■ —- 1—■ —-
'*• O .) o w o X X X X o X X X > >- V 31 LL u_ LL u ( ^  ̂*5 1 T






- -* - - 1 '  •
• •
^  , ,, ’
II Jl II II II II II
—>* ---- — > — *
* - P - ' -% — t p— 4 t— 4
► ■h ► *
,---- - P 4 — * — i—H
 ̂ * 4
* - •
* * * • t » «
.'■o f \ J r o J- 1—
*— w V —** L4J
L L I i ,  •> * ' ^ o 1
j T  I V  V S< ' X
u - 1  ’ r ,,1 I ■ ' .  ?  t 1* ! .  t  | G (  ^  i  ’  i 11 I t ^  i  ^  j  t
C 1 v,l C / 'JVLC TCVu 
r.\ '*'■ - . / i j r j TEh  / ueAR 
-I'- Ki /  f Gh / F  , G , m
CCMm; , n /  ^ C L C u / J R ,  JMLl  , J * L2  , JMLj  , I M, I  ^ l 1,  I * L2  , I VL 3 , I ML 4
Cl ■*'■’i t \ / v I i C L / C , C r  T x , C Y t CGTY
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXx Xa XXXXXXXXXXXXXXX
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXxXXXXXXXXXXXXXXXXXX 
DC 1 J= 2 , J ML 2
c l l , l , J l * J ( 2 , l , J » / U ( l . l . J »
F < 2 , 1 , J I = J ( 2 , 2 , J l / U l l , 2 , J)
G ( 1 , 1  , J I=AtiS( F ( 2 , 1 , J | - F ( 1 , 1 , JI )*COT X 
OU 2 l V A L U t = l , 4  
2 I w A t - u f , i , j l - G ( i » l . J I * < G ( I V A L u £ i 2 t J | - U ( l V A L U L , l , J H
1 CONTINUE 
N1 = 1 
N2 = 2
DC 3 1=2 , 1  ML 1 
IFORn 1=I+1  
DC 4 J=2, JML2
F ( N l , l , J f = U ( 2 » I F O R W 1 t  J ) / U ( 1 t I  FOR M1 , J t 
G(.N2,  1,  J ) = ABS( F ( M  , 1 f J I - F  ( N2 , I , J ) »*CDTX
■f S I  V AI i | P - 2 , 4
J  h A -  ( I V A L U r ,N2 , J) = G ( N2 ,  I , J ) * ( u ( I V u L u t ,  i r  i . k «  I i J I ' J U v a l j c i  i * j  I i 
* U < WA L U E , I , J )  =u<IVALUE,  I , JI + UEAI- ( I  V ALU fc, N2 , J I -  J  r: AR1 I VALUE t N 1,  J I








N2 = r,UrM \ 2 »  2 1+1
j  > J '  i ' l l ' :  U  J ■ - U  ( I I
. 1  .  . i l  . ' I )  i ‘ i 1- I T  i 1*  I
I y  -  m $  :  " ■ f  ( * •  ,  2  , ^  ,  C  i  ^  (  ,  i  ■ \ , H  (  2  ♦ <* J
f  I  ^  , y /  J V t  C T G  / U  
C l
L "* A : . ' , / , Ot t "
r , . ' M C i r j /  T l  ' l E C r i / D f c L T , C ) T X , D T X 5
r /  :ik.f. r r F /  "• i j
:  < . " M f  " i / L  I * 1  T 2 /  J fM  P A R  ,  J M X d A *
A X a A X X X X X X X X X X A A X X K X X X X X X X X X X X X X X a a a X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X  
X X
X L V A L J A T I C N  L’ F P « L V l T l L r , A L  U ( Z t I * J , N * l l  H Y  U S I N G  X
X. B A C K ( n A * O S  H f - F t r t E N C f -  X
X X
X X K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X x X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X
N 1 I S  t h e  C O L U M N  b e i n g  e v a l u a t e d  
N 2  I S  T u t  L b L u M N  B t n n w  I n t  o C t  o l i i u
DO I J=JM]BAR. JMXBAP 
00 2 IVALUE=1, A
A = E ( IV4LUE tNl  , J ) + G ( l VALUE. Nl  * J >
B = F( I VALUE, N2 , J )  + G<I VALUE, N1, J - I  I 
C=A-R
C-C * JTX
2 UBAR( I VALUE, N 1 , JI =C + U<I VALUE, I , J)
1 UbA^(  3 t M .  J » = UBAM3 f Nl  , Jl +Hi r- U,  JI*OELT
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X X r ---
X X X * »
X m. X r+\ —
X 0 X *—
X •t X i_ X. r>
X LL_ X r -4 —X
< X j C 12:
X X 3 "3
M  ̂_r X r tt i.










X X > > «C~
'M1 X <T X #i 4t
*— X > X (J
a. L/> X X N <M 4fr
-cf X —J X 4 ►—
'f -J X < X 3: OO
L O X X <J <










t X -̂a X 1/ —» —
<. X > X X —1
r J _3 X 0 X 1 —j 1 .—1
*• *» X 'X X fTH *r i-H
r\j X CL p 4 X >- a > /*
<4 X + X 4*
I *4 £ r\ a X u . X r\j •— *
<1 t) < m. <r X 0 X < £ * x: -~-
o L O X UP X “ J £ <1 “ J — <1 t.
D » 0 X X 71 3" X <1 ► a » *
■ŷ -4
• jl JL X 0 M X L3 n ■; - J * D i.;i
— < < X -̂4 p— X —p ♦ — if «- +■ # 2)
Q T. #— * X t— X T «* CM M « A '1 m
.*■ -* O <X X *1 U.' X X *1 ■ J V vl X Ml •* X
» »• P . *. o *- <N < X T X < - -4 *** « lrfc «*■ r* ., 41
r :} ' J <* £ * h - X) X —1 ►- X X) X A A —• r£ m '4 a: ’X.- (■< *4
» w c 4 __( x •-* X < X X » —J —1 C1'! ~ ) — i <4 < ft i_ <1 '.: - i —
JL * 4 <yO ■Ij *1 y_ LjJ r—4 11 X > *— X X r V X +■ Oj X £M <1 ■JLi <; >
—. —■ v 2 > Ll < ~J —» L/l X UJ X -> ■—■ « pH 3 < X J5 1
- *3 i 4- "v. ■v. 'V. ■V. D X X ► t 7. . z 1 1 1 1 I A'
.—. * r >— N a . >V 1—1 X X JC 4 fH X M ir M 11 H 1 ll M
- <1 / <yi O Ui \- O X X 0 V CM r<> + CM r*1 -x-l. —• — ■—■ '—
H* _ <1 XJ U J *— < X X £ D a . *-» — CM — 1 —> —1 11
t. £ 3 ; y y_ i. X X >—I 4 < OL oC X a Lt p F- -  •• ► “
*> < —*P X •— X. X X X ro < < * 4 < P-4 pH p- ■ r  f 1 r— l —1
,_. --j 1 i t ^ *— ■r _J O- X X -» w 1 13 CO CO £D Z
7*
h- — < ^—4 -N, s '%». X X II 2 rs z> X z> D m «h p  p *■ *—•
J  ' \J 1 i  . -Z z m. X X -> X 0 # « II # 41 f—1 f\t r< p*H f
F i-"- a r  ■ X X «! * pH ^-t a <NJ ro — ■—' —* --------- —■
X. ■ « < 1 U 1>1 • r y* y- y~ 7" n X X 0 •-4 X X < X X cc nc u c X - ' l’. J
'f ’ ‘ *' r * 3 V 'T y y X X II tl II II •3 N M <r <r i' ■ 4 <f * M *-? 1
K- P ■_! (J C' O X X Cj /l CSI m O ' (NJ '<1 (T ex' X T_ t.
y-. —■ - j J 0 O X X >< X X X 0 £ K X X > > > IX X L X 0 • i
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> _> r ^ .
l l l l II II I t H II (1
*- * — , - — i — * _ «— *
* » * - * •* *
• -4 I -  » +—A r - 4 < - * ,___i
* r * ’
* - — ' J
1 r l l . I ilC y
•  ’I «  I < J < * - J < <
I t . L , ,__ j r .
, ^ *. s * j s
( t  1 3  , ,  . |  t  J ' i k  |  I
i l ^ r  I ^  ?  i ^  L - I i r ' r  A r ( i  r *
0- <  ' * f  *■ /  J v r  C T« / U
r w  r /Ut i .“
:  ■ . ■: <> , " J \  i * * !  .' < T  /  F  - j  6  r  t (  h  A  *  »  O  F  A  k  
Li.M'ILN/T I' - i 'CC/ fhL T , l TX, DT*e  
C l. ■'I h u  r , /  ■ i *. r* [ £. F / ! .  I » \  2 
Cu' ^l  N/L I M I T j) /  J > i\ E r;
2 XXXXXXXXX\XXa XXXXAXAXXXXAXXXXXX*XXXXXXXXXXXXXXXXAXXXXXXXXXXXXXXXXX
C x x




C N1 IS T h f  COLUMN r t HICh IS F 0 R * A *01 TO THt uNE SEInG t VALUATED
Z N2 IS THE COLUMN BEING EVALUATED
DtJ i  J = 2 * J MXME w 
0 0  2 IVALUE =1 ,<♦
J(  I VALUF f I , J) =0 .  5(.OC*< ul  I VALUE , I , J) +UBAR ( I VALU t »N2 » J ) + 
1DTX*IFBAR< I VALUE » Nl  , JI+G8ARI IVALUE. N2,  J + l l -  
2FEAR ( IVAL JF, N2» J) - GBAR(  I VALUE , N2 .  J M )
2 CONTINUE
J < 3 . I # J I = u ( 3 , I t J I + D T X 5 * H B A P l N 2 , j l  
I CONTINUE
C
FE T UK N
E\ n
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■ • . , •: j*.r M i l
. : : |l« J ! , ( y I f *-> I ) 1 I ". '■ r ( * I t t -♦ ►
' I  ' -  - I  ' t <* ,  > ,<* ) , n a A H U ' , v  i
C ; 0 /  j v :  C T t . / U  
o  / j r . T f  K / j r i -
Lu^M. 1 /f j i p ^ / F r f l H  , H-Ak
C; T 1V K rvr .  c L T , L T X , D T x5




C X [VALUATION r f  u ( Z , t , J , N + l l  JSI.NG SACKaAkCj d i f f e r  enc  E X
* X
L Xa XAXXAxXXXXXXXXXxXXXXXXXXXXXXXXAXXX/.XXXXXXXXXXxXXXXx Xx XXXAx XXXXXX
C N1 IS THE COLUMN BEING EVALUATED
C N2 IS THE CULUMN BEHIND THE ONE BEING FVALJATED
r
v
D*- 1 J =  ̂ , J Mx.tC m
OD I  IVALUE =1 t
LU I VALUE, I , J ) =C.  5 0 0 0 * 1 U( I  VALUE,I , J ) +U9 AR( I  VALUE, N1 , J )  +
1PTx* ( F B A MI  VALUE » M , Jl  + GbAMI VALuE , N 1 , J t -  
2FBARI IVALUL , N2 , J l - G&AP ( I VAL UE , N1 , J - I I  I I
2 CONTINUE
iH 3 , 1  , J I = U I 3 , 1 , J I + DTX5 * Hb Af \ l Nl , J )
1 CONTINUE 
 ̂F T UB N
n-n
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U - iT I - . ■ . ). T
' : i. « : : ’.J ( ■'+ t 1 - i ^  )
; ** '■: c k  / . ,
;  r  j t  x t k ' . /  t <t> ^
;  , : \ A /  >- 0f  CL /  j v ,  JVL 1 , J n r  f J ML ? I I *■' t I ml  11 I MLi , I ML 3 .  I ML 4
<X /  X a AXXXXXXXXXXXXXAXXAAXXXa OXXXXXXXXXXXXXXXXXXXXXXXXAXXXXXXXXXXX  
X X
x ; v ' l . u M I i / J  Uf LAST Cr L U^ \  J  S 1 Nj  « S c C-j Nl) t -EG^FE X
X ^ C L Y V jMIAL X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
< * * =  I ML4+ I XTfvAP 
M3 = I ML 2 + J x TP AP  
= I ML2+I XTPAP 
‘■•1 = 1*11 + 1 XTPAP 
3L1 1 J =L, J ML2  
J O  1 I VALUE=1 , *
U l l  VA LUF , Ml , J I = 3 . 0 * ( U U V A L U F » M 2 f J » - u ( I V A L J t f M 3 f J J )  +
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r x ^  uo X
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* X X
r—. X uj *“* X r t
_*J X '.J X K~
X .T Cl X
X .J X UJ
*■ X — c K
X K* »—■ X tt
" l X " J * X —
S X "3 .3 X
it . X _ * X 1
X X[ .j. X “ i
U X >• X X x r  W
1 _• « w—  • «1
\  '1 X X _I + —*s ' \ ' 1 w —1 •»
■' ' /• X X l~J —J
.  _ X V X < X n II •w
r * # « . X X n —1 i/> *
■ _ J \ 1 X X fV 13 L
Hj T y X X 4-H 7>
T 5" x X X Cl t -
>- — .< X UJ L_ <1 i/.
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X o X un <1
•* > X H" X X o
1 '•'i *1 < o X 1 +
_# X 'j-l X m A
I < > X V *n
-H X X #
*> < X Li* X (NJ
—s X X o X <1
- j <1 X X I 4
-J O X X < w
X J X o * 3
< X *—# X —* ♦ #
L. ' 11 O *- T X L» X X « (NJ (Ni
U  V *-4 •» 3 Ink. —» <T < <3 X — # V m X
> X X. X < X —> — —i r* — * * w *
_ t — PW— J” • X < - J X -> X *- ; » 3
,i* —- h- _J L-J V i < X *—• to ♦ ► OJ < # X
■_:> U o 1 J J X > X ?r" p-̂ <\J 3 V x : (NJ < _
*_j LV. w) w l-J X —> *—t » »■ X * •- * 3 < X 3 « * •
, # > j; '.± < X X *• — (N> rn * <NJ rtl 1 o 1 1 J -J} __
►-4 u f\ L.N X X C\J w *—- (NJ H II II fl II UJ II If II II
►- -* *—4 X X X X X X II -X z> =5 X 3 3 <t A —» 3 A A —- * .
vO VI ■p Z » z X X L_ * 11 « # —> -> pH i1 4 *- • pH
) ,? *"* o C- f ■'1 o X X • p— 4 cz INI *T> < »- » • nr
-X lL La  ■ r >“ *■ X X *—* X X < r X X o INJ u> *—* oo r- -1 3
-I'I j r 7- 21 y ? X X II II II II II II w w w V i— r
v—* »—» O C: _.’ LJ X X u f\* ro o fNJ Kf\ o o  o C ' o L-> o o UJ «.
r-' ■3 o O X X X X X X X X > > >- s u LL LL LL o ■i. u . LL u_ □C 1̂
U S







X U J X
X o o X
X • Z U J X
< U J L ^ l X
X D X X
X * 1 X




X f \ u - X
< *— X
X t — u  f X
X < T X X
X __ J LUI X
X 1 1, T X
X Q O X
X / ) X
X _ 1_ X
-< . r X
X J o X
X ■— 1 X
X »— X
X i j X
X X - j <
X ►— ■ j v
X ' L X
X i_ L X
X 3 U J X
X 1 X
X I / ' j * X
< h— ^ - i X
< i U X
X 1 / 1 j j X
X r X
X L U t - X
X * 1 ' X
X I— * u , <
K X h -
X “ 1 X V  J
X o X . u .
X *. J  j X
X j . X
< X _ r i — J X
V 1 * X x ) X X — .
- r ►— X J X t .  -
• — X . i ,  j X
X * -  * X r v
X > ' * - j £
. j r i X ►* < ’ r“ -
* I X X J w
— < i— X w ^ 4 X C J
►* X X X V
X X a I t C f j I I z
„ . X X I . ►— " r H - 3 1
r X "■r; U - ) ___t y >
* ^ ? X X _ J U j ►-- r - i t l  i K -
_ J < X * 1— u _ H - l1 .
X X X X X t  ■> » - » ^ .  i X
S' ■ ' - 1 J T I ‘ i I J I ' . K M I I
' I 'X E »S I I i U j  i K ( “• i . i *• I
.j i ^ r  »s i ! ■ . M L ii. i i u i  ' •i ? I' ti i i h ( j f ^ ’ i
COMMON/ J Vr CTC/ U 
Cr ,' *Hr N/ j I NTr - J ' / L( o / ,>r'
COMMUN/ FDm/ F , G, H 
COMMON/ TIME CD/ GEL I . G T X ,  J TXS  
COMMON/-JAKEE P/  Jl » \ 2  
CCMMON/ Ll  M I T 2 / J M d A r  , JMXHAP 
C XXXXXXXXXXXXXXXXXXXXXJtXXXXXXXAXXXXXXXXXXXxXXXXXXXXxXXXXXXXXXXXXXXX
:  x  x
r. x e v a l u a t i o n  of  p k q v i t i g n a l  u i z , i . J t N + i t  bx u s i n g  x




M  I S  THF COLUMN F OP hAPD TO THE ONE BEI NG EVALUATED 
N2 IS THE COLUMN BEI NG EVALUAl t U
DO I J = J M I B A R , J M X B A k  
DC 2 I V A L U E = I , 4
A * F ( l v A L U E t N l t J » + G < I V A L U E , N 2 , J + l 1 
B=F( I VALUE, N2, J ) + G( I  VALUE, N 2 , J l  
A=A-B 
A=OTX*A
2 UBAR ( I V A L U f c » M» J ) = A  + U U V A L U E , I , J )
1 i JBAPI 3 »N I * J | = U B A R ( 3 , N I ,  J ) + D E L T * H ( N 2 ,  J l




; j  ■; ' ■ ' \ i i  I v “ v ' S C l .  y  
r - ] '  ; * . C  ! ■ * V  ) » J "  i  r  (  *» » ,  ’
-! i r ' ^ .  ': F K ,  2 ,<*1 ) f Ul A , ? ,A ) ,H p  
C!  ̂WON /  ;j V[- C Tf / u 
Ci * ' r̂." / Ij! \  TF^ /  JbA^
Cl.* M JN /  f  1,-t / F  , <'j ,  H
r C1 « i ] N/ S 0 LFCLVJMf JHL1,  J' l La,  JML3, I M, I ML1,  IML2* I mL3,  I ML ^
C-.jMMi j, \ / v 1 SCu/C , C( jTX, CYf COTY
XXXXXXXXXX*XXXXX>XXXXXXXXXXXXXXXXXXXXXXXXXAXXXXXXXXXXXXXXXXXXXXXXX 
X X
x u s i n g  v i s c o s i t y  i n  the Y-DIKECTION X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXAXXXX XXXXXXXXXXXXXXAXXXXXXXXXXX 
DC 1 I =2 11 ML 1
DC 2 J=2, JML11 ^  ^  <-  -  7  r f  - fc- *
F ( 1 , 1 » J I = U ( 3 f 1 * J > / U l 1 . I . J»
G ( I f  1 . 1  I = A B S ( F ( 1 , 1 , 2 ) ) *CDTy 
i.< 1,  L , 2 l - a a S ( F (  1 , 1 , 3 I - F (  I * 1 * 2 I I*Cul  v
DC 3 IVALUE=2*4
UBAKl I VALUE * 1 , 1 l = G ( 1 , 1 , 1 l * U ( I  VALUE , I , 2  I
URAPl I VAI UE, 1 , 2 I = G< l * l * 2 l * < u U V A L u E , l  , 3 1~UUVALUE , 1 , 2  I )
J l  I VALUE f I »2J = U(I VALUE* I , 2 l+UBAB < I VALUE* I ,  2 I - 0 &AM I VALUE, 1 , 1 1  
DC A J= 3 , J ML2
G( 1 , 1 ,  J I =ARS( F(  1 , 1 ,  , J H * C D t Y
DC* 5 I VALUE =2 , ^
UBAP.I IVALUE , 1 , J ) = G U  * 1* J I *IU I IVALUE , I . J+l  l - U(  I VALUE* I . J)  I
J( I VALUE , I , JI =Ut I VALUE* I , JI + UBAM I VALUE, L* J > -  J B A R ( I VAL j t ,  1 ,  J - U
CONTINUEC IN  








i U J- * L " T  I T 2 S U F  
II Fr “4 £ I u K .  1 '■ . 4 .  I
r O'  4iir. / i V L C T e  / U 
C r y M r . ‘ . / T I " C C C / n i L T , D T < # D T X t !
C l  J N / i ^ A C E / O E L T X  
CuMMj, \ /L ' C f  I e / “ TE S T
common / vi  s c o / c . c c t x . c t . c d t y
Cl  1 -IcN/Ob 4TAD/KC UNT
CO^MOrVSPCECO/ JM, JMLl • JML2. JML3 , I m( ; ML1» IML2.  I ML 3 , 1ML4 
XXXXXXXXXXXXXXXXXXXXXXXAXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
x • X
< TEST ELP NEGATIVE DENSITIES X
x X
x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  
n o  1 1 = 2 .  IM 
Of- 1 J = 2 . J ML 2
IFfUCliI» JI-C* COCCUC1J 2.1»1
2 I F ( I - 1ML1)  * » 5 . 6
6 I F( I . L T . I M. A N O . I . G T . 7 5 I G G  TO 3
GO TO 3 
1 CONTINUE
KO(JNT=KOUN T + 1 
RETURN
3 CONTINUF
DO 11 J = 2 . JML1 
DO 11 K = l , 4  
4 = 0 . 0
Dr K  I =71 , I ML1
U  A = IK , 1 , j  | /  l [ , X  i -  I . i
00 12 I = R1 , IM L 1 
1.7 J l '  . 1 . J)  =4
11 Ct .v/TI * jc
Of1 2~v J = ? . J » a i  
Dr t K = 1 i
■>. ' ■=(  . I . m / S J O I ' I k . H ,  J M  /  3 .  7
170
=  t  ) 1 r  L ) /  t.  «  ■
■ M , 7 3 , J I * * ~ t 
1J ( ^ t 7 ^ i J I - A;; f 
' J h ,  7 ; ,  J ) =£HC
“ ft
) [  t  '  I  =  7 ^  f  .
3 = ;}+Dr 
I  ■ J ( K , I  , J I = r  +  A n C  
wFT'jRN 
5 CONTINUE
jO i'J l\ =■ 1 f *t
lO 2*. J - C. f  J r*1 
r .  J ( K i I  ML 1 ) J ) = U( K» I ML2  *J )
GO TO 3
b ! Tf t c , 2 r  ' '..IK "UN T , I , j t j ( l » I , J )




SUokCGTINF OATt l  
DIMENSION U( 4, 1H< »AC) 
DIMENSION P AD I US ( A-C ) 
DIMENSION! D U )
COMMON/UVECTG/U
C O M M O N / R / R A D I US
COMMON/ SPCECO/ J«, JML1, JML2, JML3, I M, I  MLi , IML2, I ML 3 » JMl A 
COMMON/TIMECO/DELTtDTX,OTX5 
COMMON/SPACE/DELTX
common/ e s c p i b / mtest
C O M M O N / V I S C n / C t L D T A t C Y . C D T Y
C O M M O N / G A M A S / G A M A , G A M A I $ G A M A 2 f G A M A 3 » C G N S T
C O M M O N / 0 1 M F / R O J  » X M O M E J » E N E R  J
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXAXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
X X
X R E A D  I N  AND E V A L U A T I O N  O F  N E C E S A R Y  C O N S T A N T  X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
R E  A D I 5 f l C C C I M T E S T  t C r G A H A , DTX, D E L T X # X M , R M  
F O R M A T ! I 5 . 6 F 1 C . 4 I
^ ^  ^  |  *  - '  V r  r . t I . M 1 F V  r  w n
10CC RMAT! I 5 , 6 F M
R E A D ! 5 i 2 l O C I R O J , X M O M E J  
2 0 OC F O R M A T ! 2F1G. C1
READ! 5 , 3CJCI PI NF, T1NF, RI NF, VELI NF  
PE AO I 5 , O : 0 I M i  \ , D ! 2 ) , D ! 3 »  , D ( M  , I S ,  JS.  I F , J F  
. . .  FORMAT! A F K . 0 t 4 l 5  »
LC FL'RMAT( A-F 1 l * 0 )
' 4 M |  =r , AWA- i . r  
GAM A2 = ( GAMA-I• 0 t » C . 300 C 
G A M A 3 = ( G A M A - 3 . 0 ) * ! . 5 C C C I  
C' VST = Snr<
DtLT=DTX*DELTX 




T o ' J o O o a o O C C c C 0 o m c m a rri o M l_ <_m * o . 'I CO* * —- * CT a * * * D o Z m z fn z > X X TJ X “T*-1 4" UJ K> !-"» Z u» fsj i—■ m Z m Z z m r- f“ r- f“ r™ II r-
C <• fv \j ro V V * —f *— *—• i-̂ M ►-4 Tl X r- UJ ro UJ f\j
X O 0 sO II II II II i—̂ ►-t I—* F 4 X z z z II «_ II n ll ii ’X li h
2 * o o o o  o o z * * « w Tl Tl Tl Tl X ii X M o <_ <_<_ -0 -J -a • * c: C- C- t_ ll II II II II tl *—X t> X X X X X
* o K> m «■* — *-■ m o Tl X z n o 1 1 1 1 1 1
II I— w w II II ll II « z m t-̂ M X U- 4> OJ ISj lI \j
a II ll ii ft "v "N. m a c: a ►“1 m Z z Z ft f t oH“* W 4̂ m X X • a m X X *»̂4 Tl Tl ►—u>
7 ^ - yOCO z D m O ►—Z Z z -s. 'V noW '• 4 m O «- o « M X ti cn * »ft w P“H 7 Z o z ft fcF X • rsj
? T7 T \ <_ Tl -n Tl m X X H-4 t> 'vt> ft ft Z o I» z X
n X X m c. T X►•4 > ft > X ft ft o
c o < o <w- —* H X
i/l m o m
A c r* cr m z
L_ L/i t/) z Tl 'V
— — Z *—• —* X
< - T  Z  5
— — ti O












SU'irM. j l  I tjAT a ;
j I me n s i  j n , l e t  , v .  t
CC1MMGN/UV6CTC/U
COMMON/ SPCECC/ J M, J ML 1 , J M L 2 * J M L 3 , I M , I M L 1 , I M L 2 , I M L 3 , I M L 4  
COMMON/T I MECO/ CELT, CTX, DTX5  
CC' MMJN/ SPACE/ DELTX 
COMMON/ VI SCU/ C, CDTX, CY, LOTY 




R E S T A R T  P R O B L E M  X
X X
XXXXXXXXXXX X X XXXX x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  
R F A D ( 5 f I O O O ) C f G A M A , D T X , D E L T X , C Y  
1 GHi  F O R M A T ! 5 F 1 0 . 4 I
READ! 5 , 2 0 0 0 1 JM, I Mf 1 TETA, I START, ITtTA 1 , ITETA2 
2 0 0 0  FORMATI 6 15)
0 0  37 1 = 1 , IM 
DO 37 K = l , 4  
37 U < * , I , 1 » = 0 . 0  
GAMA1=GAMA-1.0 
GAMA2 = ( GAMA- 1, 0  I * C . 5000  
GAMa3 = ( GAMA- 3 , C) * ( • 5CC C I 
C 0 N S T = 0 , 5 0 CO 
DELT=DTX*OELTX 
nTXS = OFV T * ( . 5 )
CDTx=C*OTX 
c d t y = c y * d t x  
J ML 1 =  J M - 1  
J  ML 2 = J M- 2  
JML 3 = J M- 3  
i ML 1 = l M - 1  
I ML2 = I M- 2
I '* L -»= 1 " ,- c  
CALL h A D I '
4EAJ( A)  ( ( ( U ( I » J . * ) . 1 = 1 . 4 )  * K =1 , 4C>. KCUNT
« F * I N D  4
IFt  I TF TA. EU. OGL TO ?L C 
0 0  l i t -  J=1 , JM 
OC 110 K = l , 4  
00 110  I - I  STA« T,  1 .M 
11-  U t K . I . J I =U<K. ( S TART, J l  
3 00 CONTINUE
I F t I T r T A l . t c . O )  GO TO 301  
DC 10 J = 2 , l l  
0 0  10 1 * 4 0 . 5 5  
OH 10 K = l , 4  
1C U U . I  . J I = U < K , 3 9 ,  Jl
3 0 1  C O N T I N U E  
I F U T E T A 2 . E Q . 0 1 G 0  TO 3 0 2  
DO 2 0  J  = 2 * 1 1
DO 20 K = l , 4  
A = 0 . 0
DO 30 I = 5 1 , 1 ML 1 
3C A=A+U<K, I , J l / ( l M L l - 5 0 >
DO 31 1 = 5 1 . IM 
31 U U . I , J>=A
20 CONTINUE
302 CONTINUE 







SUi * 'l.-T I \ r  u ATi  *
DIMENSION u U . l e f  ,AL)  
j I  MEN SI UN RAGI USI Vj I 
CCMmOn / C uNTAD/ KOUM 
CCMMCN/UVECTO/U
commqn/ k/ k a d i u S
CCMMCN/aPCECO/JM,  JMLl t JML2 , jML3t 1*» ML I,  lML<: t I '«L i ,  iML'*
COMMOM/ nMtCC/ DELT, DTX, DTX5
COMMON/SPACE/ uELTX
COMMGN/ESCPIB/MTEST
COMMON/V i SCO/ C, CCTXf CY,COTY
COMMCN/GAMAS/UAHA,GAMA 1 , GAMA2t GAMA3f CONST
COMMON/DlME/ROJ»XMOMEJ,ENERJ
x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  XXXXXXXXXXXXXXXXX XXXXXXXXX 
X X
X RF START OF PROBLEM X
X X
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXAAXX*x XXXAXXXXXXXa XXAaXXXXXXXXXXXXXX 
READ1 5 , i c OO) MTEST, Cf GAHA, DTX, DELTXf XM,RM 
U  OO FORMAT! I 5» 6 F 10* M
READ! 5 » 2 0 0 0 IRGJ »XMQMEJ 
2G0C FORMAT!2F1C. 0»
RE AD! 5 ,  3 COOP I NF ,  TINF , R1NF tVELlNF 
30CG FORMAT( AF10* CI 
GAMA1=GAMA-1,L 
GAMA2 = ( GAMA- 1. ut ^G* SOCO
r.1‘ VA->_( r l ^ t . S C P r )
CuNST=0.  50Ct  
r)FLT = DTX*OELTX 
r,T» LT' - ( . c ' * ■; )
C J T X - OOT x  
J M = A 0 
J ML 1 = J M- 1 
JML2=JM-2
I ' •’ = 1 H '
I H L 1 = I y - I
I ML 3 = I M - 0 
I v L4 =I M- <*
CALL RADIO
t N E ^ J = R O J * 3 2 . 2 / X M C H E J / X M O M E J
P I NF = P I NF * 1 4 4 , C C
DEN I N F = P I N F / <  R I N F + T I N F t
t N E ! N F = P l N F / G A M A l + ( D E N I n F * V E L I N F * V E L I N F ) / ( 2 . u * 3 2 . 2 )
OENI NF  = 0  F N I N F / k O J
E N E I N F = E N E I N F * E N E R J
k E A 0 ( 4 l  ( (  ( U(  I , J ,  K ) , 1 * 1 , 4 )  » J = 1 , 1 8 0  ) , K = l , 4 0 ) , K O U N T
REWI ND 4
D O  4  1 * 1 , 18C
K K K K = 1
DO 4 J= i  , 2 0
DO 5 K = 1 ,  4
U ( K , I  ,  J J = U ( K ,  I ,  KKKK, I 
5 CONTI NUE  
4  K K K K = K K ^ K + 2  
DC t  1 * 1 ,  IM 
DC 1 J * 2 l , J M
U ( l , l » J ) = D E N l N F * R A D I U S ( J )
U ( 2 , 1 , J ) = U ( l i I , J I * V E L I N F  
U(  i , I , J >  = 0 . 0 0 0
■I (/*,  T f j  I =CNF !NF*E ADI US ( J I  
1 CONTI NUE  
RETURN
r: a,1 r>
j U ^ k D U T  I  ‘  j  t  D A T A ^ t  
DI MENS I ON A(  U C - , 2  » o l  , 6 (  1GC )
DI MENS I ON U<<*t 1 6C , «  >
DI MENS I ON K A D l U S t 4 C )
c o m m c n / u v e c t o / u
COMMON / I N T E K/ X i  v Y l , X 2 * Y 2  » X [ f Y I , KAT , COOPXt CUURY  
C O M M O N / I N T L I N / V l , V 2 * V I 
CUMMGN/ K/ RADI US  
COMMON/ CONTAD/ KOUNT
C O M M O N / S P C E C O / J M , J M L 1 , J M L 2 . J M L 3 t I M , I  ML 1 , I M1 2 , I ML 3 , I ML *
COMMON/ TI MECO/ DELTt DT Xt 0 T X 5  
COMMON/ S P ACE/ DELTX  
COMMON/ ESCR I B / M T 6 S T
C ^ M ^ O N / V I S C C / C t C D T X t C Y t C D T Y  
COMMON/ GAMAS/ GAMAf G A MA l , GAMA2 » GAMA3 , CONST 
C O M M C N / n ! M F / e O J t  XMOMEJt ENERJ
XXXX XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXAAXXAXAAXXXXX 
X X
X READ I N AND EVALUATI ON OF NECESARY CONSTANT X
X X
x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x  
R E A D ! 5 * I COOt  I M A X t X l . D E L T Y , J M A X  
IOOO F OR MA T U  5 , 2 F 1 C . 3 , I 5 )
KQUN T =0  
0 0  1 J = 1 , I M A X  
0 0  I K = 1 » 2  
I c LAO t 5 , ' r M A ( J , K , L ) , L =1 )
2DCC F 0 R M A T ( 6 F I C . 3 I  
DC 2 J = l , I M A X  
G  ( J |  1 t • )
YI  = A ( J , 1 , 2  I 
X 2 = A ( J , 2 » l  I 
Y 2 “ A ( J , 2  , 2  I 
Y I = 0* C
- ■ i ■ • y T
_ <-* I- l_ * * i C'
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J t  *  0  =  2 O  
\l 1 = A( J i 1 , L )
V  ̂= 4 t J , 2 , l »
CALL LI MNT  
A< J , 1»  L I =V I
3 CONTINUE
A ( J t 1 * 1 I=C OCR X 
4 ( J , 1 »2 I =C OOP V 
2 CONTINUE 
8 ( 1 1 = 0 . C 
Qf 4 < = 1 t JMAX 
A 8( K+1»=6( K»+DELTY  
DC 5 K=2,JMAX 
DO b J = I »I MAX




X 1 = A( J . 1 , 1 1
Y1 = AI J* 1 , 2 I 
X2-A I J *  1,  L , II  
Y2 = A ( J + l , 1 , 2 )
YI=B t K >
C a l l  r a t i o
DC 8 KL = 3» 6
VI = A( J , 1 , K L I
W? = A( J+ 1 , 1 , Kl )
CALL LININT
8 A(K0UNTt 2 f KLI=VI
A I K C o N T , 2 , 1 1 =  C 0 C F X  
A( <OUNT»2, 2 l =CUCkY  
5 CONTINUE
-tc AC ( 5* > C,GAMa , DT X, f'ELTx tRf J , x M^mEj

























~ # -ft o —» —>
LL rn • UJ LU
'JJ z ft o X r
f—* r\j CD o o
m J » X X
ll “ } UJ ft* X X X
LL > *—■ m N 'x
<—* JL # < <r -ft
o LL ♦
M S' 5T -o ft ft o
LL X A mo CM CM o
X. Lk. rg X H zr l/l ft » u □
—< Z OJ • 4 • «-o o MO tM o  o
L- Uj Mo o <M o (Ti «uO u w ft- O m m
m X h- w m X V < < 4 QC • •
U- u 4* + # o-» * Oft —* # * II * X. <M> o
4. X. LL UJ *n -ft Oft —* Oft -ft # *
—* X z < O z ft JD *0 rn m m i** -—■ -J
lX ■X wJ M-1 X a UJ m <\l ft ft ft ft ft ft ft o o j
V rM • u£ < x tt X ng •• CM c\j OJ ev CM CM fM CM • • X j
—. • • -r O LL LL < m •—t ft ft ft ft ft ft ft ft rn t— in
. J s r\j ’X, "V 2 X mo w mm mo MO <— ftft MM MM 1 1 o _l •
J m a . LL MO mo -I W < ft- •V* w w ftft W < 4 o 1X1 J
a . # * z z UJ » <r ft** <t <1 <t < < < < < Z X o o * X
u_ *—i M4 UJ Z _« ii 1* II *— II II tl It II 4 4 in * i— M CM r , oH CM m ■**
m O 2* ti­ a o Uj II —* Oft LO Z Oft -o* -ft* -ft O O ■ X _i O 1 1 l 1 t i i
n X *—i ll ii tl it mo m c mo * O <r m w V O  1- j j # X 9' 3' S' T y  ?
^-, It a LL LL LL LL * ft ft LJ i/1 ft ft * » It p II o 3 (J “ i —̂ •—4 -
<i —1 ii ✓r 2 j? o 'M ru "1 f\J II >1 CM ro ru IM CMIM m  *- II 11 II t tl II n It ll M »
r X Of LL <—< •_o MO ft (X ft i/> Z ft * * ft ft 4 4 »/> M- n X M-1 '\J r ^ ■U •-4 CMm  • *
<- r t UJ 2T UJ Z LLI MO •—* UJ mo a mo MM «—» •—« T. •x. 2 - J X t - II _ J II —J —I - j
i ,—■» — OJ j j z w w w z v» LJ t/1 V w «** w 4 4 a UJ i— LJ \ X X X X X x  :
X ■X LL a a n 1+J o <1 <J UJ
ft4
< <r < < < < < O O o o O o - ' 1 — 1 — i " T *“ * M -*  f  -
O
i'. ALL *Aj ! .
Of1 2*2 J = l ,4 ' ;
Ut 1 , 1 , J > =K ADI JSt  J t M' EMNF  
j  1 2 » 1 » j ) = : , l  
Ut 3 , 1 , J) =kAUIuS< J >*C. t  
242 U( 4 ,  1 , J ) =e ADI US( J MENE INF 
00 243 J = 2 , JMAX 
U t 1 , 1  , J I = P A D I U S I J » * A < J - l  , 2 , 3 )  
U ( 2 , 1  , J I =kADI uS< J ) * A(  J - 1 , 2 , 4 )  
Ut 3 , 1 , J l = R A O I U S ( J » * A i J - l , 2 , 6 1  
2 * j  ut  4 , 1 , J ) =kAG1 US< J ) * A ( J - l  , 2 , 5 )  
DO 2 4 4  1 = 2 , ICO 
DO 2 4 4  J =1 , 4C  
DO 2 44  K = l » 4  
2 46 U t K , l , J > = U t K , l , J )
r e t u r n
END
6 w C UT I i i t  L l M l N T
Ci-HK.'JN/ t \ T E R / X l  , Y1 , X2 , Y2 , XI  , YI ,PAT ,C JiJRX , COOkY 
CuMMLN/ I NTLI N/ Yl t V2, Vl  
V I = V 1 + - A TM V 2 - V 1 >
KETUSfJ
END
i  113 ='JUT I Nr rATIO
Cl MMON/ I \ T E k/ X 1 t Y ; , X 2 , Y 2  *AI , YI , PAT, i ; Ul j KXf CJURY 
4 = ' X2- XI  ) 
d = I Y 2 - Y 1 )
C = A * A 
n = R*P 
E=C+D 
E = S j k T | E I
IF ( X I • EQ« X 2 ) GO TC 2 0  
I K  Y I . E 0 . Y 2 I G 0  TC 1C 
I F ( X I . E t f . O . C I G u  TO 4 0  
I F ( Y I . E G . O . O I G C  TO BC 
2o RAT*(  V I - Y l l / l  Y 2 - Y D  
C0QRX=X1 
CGOKYsYl  
w? T Uk N 
1C R A T = ( X I - X 1 I / ( X 2 - X 1 I  
C0URX=XI  
COO RY = Y1 
RETURN 
40  A S I N = B / E
RAT = ( YI - Y1  ) / AS I N  
COORY=Yt
CCQRX=Xl +<A/ E»*RAT 
RAT =RA T/ E 
RETURN
l r  = c
K A T = ( x l - x l ) /ACOS 
COO R X =XI
Cg.TRY=Y!*( /  - j * r a t 
;<at=r a t / e  
*\F TURN
n ;j
S  Li b!  ^ C 1 U T  I  ^  A l C
Cl.' 1MuN/ i PCt Cu / JM,  J"L1 f JML2 , JML3 t I ''t I ML 1* I ML2 , I ML 3,
C U M MO N/UVECTO/U
DIMENSION U U , 1 3 f  »ACI ,RI *C t , ANGLE (13'.  , <*C ) , X( 1 8U ) , DU^Y ( 1 tk , <*C ) 
-U ADI 5 ,  l -JOr) OELTX, GARA, Vt LJ, DEN$J, RCQN 
IOC-' FORMAT( 5Fi i  , C»
^ < 1 1 = 0 - 0  
Xt 1)  = 1 . 2  50 
DU 1 J = 2 , ^ 0  
I R( J » = R( J - l l + DE L T X  
01 A j I = 1,  I M 
0 0  AG J = 2 ; 'V0 
U l l ,  , » = U < 1 , I , J » / R ( J )
U< 2»I  *J ) = U I 2 , 1 , J ) / R  ( JI 
U ( 3 » I , J I = U ( 3 , I , J I / R ( J )




A = V E L J / 3 2 . 2 
a=VCLJ/ LAA. C
a = a * o e n s j
DIMEP-A*B
RADGRA= l 8 C. C/ 3 . 1 A1 5 9 2 6  
C0NST=1AA.  /RCON 
DO A I =2 * ! M
u  X(  T > = v ( l - l  ) + - n c |  TX 
OC 2 1 = 1 , IM 
00 2 J = 2,AC-
A = J  I 2 , ! , J I * GI  ?  , I , J  ) ♦ u  I 3 .  I .  J I  * U  H  , I , J I 
R = I • 0 / U( 1 , I , J)
C=A*H
t) = r • 5-J>* C
C = ( U ( * , I  
r  -  r  * ~  <■ 1 a i
j===GA«A2
U( 4 ,  I t J t = 0  I Mfc ,'*-8
I F l U ( 3 » t  , J I . E r j , i , . c . A N C .  U<2,  W J K t O . O . C  >GU TO 5 
I F ( U ( 2 , 1  , J I . E y . v , . C »  GO TQ 6 
A N b L E I I , J I * A T A N 2 l U l 3 , l , J I , U ( 2 , I , J l l * R A C G R A  
GC TO 7 
5 ANGLE ( I » J ( = ‘_ • 0  
GG TO 7 
b  ANGLE{ I , J I = 9 C . C  
7 CONTINUE
DOMY( 11 J»=SQRT<C/G»
U ( 1 t I » J ) = U < 1 . I . J ) * OENS J  
U < 3 , I , J » * U < 4 ( I , J » * C O N S T / U U . I , J )
U ( 2 . I t J ) =VELJ*SORT(C*BI
2 CONTINUE
0 0  3 1 * 1 , IM
3 U R I T E C 6 , 1 0 C L ) X ( I ) , ( M J ) , U ( 4 , I , J ) , U ( 1 , 1 , J I  , U ( 3 , I , J ) , U ( 2 t I » J  > f 
l ooNYt I  * j i * a n g l e ( i , j i , j =2, 4C)
1C 01 FORMAT(6CX, ' X = , , F 6 * 3 / 2 l 1 4 X , f R * , 6 X , • P * , AX,* DEN. • ,  3Xf *TEM«,
14X , • VEL*' « 4 X, * MACH*, I X A N G L E » , 2 X ( /




i - i n c K  m a t a  
CUM^ON/e XTS A /  I XTt- AP 
CU^MTM/Tt: ST/ I  TPST 
CL MMGN/CnNTAD/xLCM 
1) *, T A IXTkA P / 1 /
J A T A I T 6 S T / 1 /




METHOD OF CHARACTERISTICS INPUT GUIDE
A m ethod o f  c h a r a c t e r i s t i c s  p rog ram  w h ich  was u s e d  t o  d e s c r i b e  
s u p e r s o n i c  p lum es  was o b t a i n e d  from L ockheed  and  M i s s i l e s  ind 
Space  Company. An i n p u t  d a t a  g u id e  f o r  t h i s  p ro g ram  f o l l o w s ,  
R e f e r e n c e  B . l .
CARD NO. 1 
F o r m a t : 
C o l s .  1 -7 ?
CARD NO. 2 











P ro b lem  T i t l e  o r  I d e n t i f i c a t i o n
Comment c a r d , h e a d e r  i  a fo rm a t  io n  
su ch  a s  p ro b le m  t i t l e  may go on 
t h i s  c a r d .  I t  i s  p r i n t e d  a t  th e  
to p  o f  e a c h  p ag e  o f  o u t p u t .
1 Read c a r d s  f o r  g a s  p r o p e r t i e s
2 Read t a p e  10 (A6) f o r  g a s  p r o ­
p e r t i e s
0 Normal s t a r t  l i n e
1 R ig h t  r u n n in g  c h a r a c t e r i s t i c  
s t a r t  l i n e
2 L e f t  r u n n in g  c h a r a c t e r i s t i c  
s t a r t  l i n e
0 S t r a i g h t  s t a r t  l i n e  M g iv e n
1 S o u rc e  s t a r t  l i n e  A/A* g iv e n
2 S t a r t i n g  l i n e  i n p u t
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C ol lU, 15 
C o ls  19, 20 





C o ls  U1 -I+3 









3 Starting line calculated by
conservation of mass
Number of starting line points
(50 max)
Number of upper boundary equations
<100 max)
Number of lower boundary equations
(100 nax)
0 No SC-1+020 plots 
N Number of parameters to be 
plotted
0 Two dimensional solution
1 Axlsymetrlc solution
0 Full output
1 Limited output (no interior points)
1 One line output
(R, X, H, THETA, S, Shock A n g le )
2 Two lines, above plus 
(Mach Angle, P, Density, T, V)
3 Three lines, above plus 
(MWT, GAMMA, TO*, PO*. S#)
No. of le ft  running points up to
and Including upstream shock point.
Used when IC0N(2) a 20 and shock
crosses starting line.
Number of regular start line points
if IC0N<2) * 20
Col ‘>0
C ols  cj l
Col 60
C o ls  61' 

















ICON(1 ^-1 6 )
ICON(10) 0 R ad iance  ta p e  n o t  d « s i r e d
1 R ad iance  ta p e  d e s i r e d  (1 ta p e )
2 R ad iance  t a p »  d e s i r e d  (2  ta p e s )  
Case number ( p r i n t s  a t  to p  o f  each  
page)
0 C a l c u l a t e  shock  wave
1 No r o t a t i o n  o p t io n  
1 Use v i s c o u s  boundary  l a y e r  
Not p r e s e n t l y  used
D e s c r ib e s  p h y s i c a l  b o u n d a r ie s  o f  
th e  flow f i e l d  
11, 3X, 11, 5X, 6E10 .6  
IWALL 1, Conic  e q u a t i o n
R=A*(SQRT(&fC*X+D*X**2)+E)
IWALL
R-A*X’" V  B*X** 3KTX**£+D*X+Il 
IWALL 3 F re e  boundary  e q u a t i o n
P=PINF*( 1+GAMMAINF*(MINF*SIN*(THETAB-THE TAINF))**  2)






0 No d i s c o n t i n u i t y  fo l lo w s  t h i s  
e q u a t i o n
1 E x p an s io n  c o r n e r  f e l lo w s  t h i s  
e q u a t i o n
2 C om press ion  c o r n e r  fo l lo w s  t h i s  
e q u a t i o n
A( I f  IWALL -  1 o r  2 ) .  PINF ( I f  
IWALL-3)
B ( I f  IWALL -  1 c r  2 ) ,  GAMMA INF
190
( I f  IWALL -  3)
31-1+0 WALLCO C ( IF  IWALL -  1 o r  2) , NINE ( I f
IWALL -  3)
1+1-50 WALLCO D ( I f  IWALL -  1 o r  2) , IHETAINF
( I f  IWALL -  3)
5 1 -6 0  WALLCO E ( I f  IWALL -  1 o r  2) , 1. ( I f  IWALL =
3)
6 1 -7 0  XMAX Maximum X v a l u e  f o r  whLch t h i s
e q u a t i o n  a p p l i e s .
NOTE - The c o e f f i c i e n t s  o f  e a c h  e q u a t i o n  a r e  c o n t a i n e d  on l s i n g l e  c a r d .  
As many c a r d s ,  I . e . ,  e q u a t i o n s ,  a s  n e c e s s a r y  t o  d e s c r i b e  t h e  b o u n d a r i e s  
a r e  i n p u t .  The u n i t s  o f  p h y s i c a l  d im e n s io n s  a f f e c t  o n l y  t h e  t h r u s t  
c a l c u l a t i o n s  i n  w h ic h  u n i t s  o f  f e e t  a r e  a ssu m e d .  U pper b o u n d a ry  
i n f o r m a t i o n  i s  g iv e n  f i r s t .  P ro g ra m  assu m e s  t h a t  s t a r t i n g  l i n e  i s  
bounded  by s o l i d  w a l l s  and  t h a t  t h e  e q u a t i o n s  a r e  o r d e r e d  v i t h  XMAX 
m o n o t o n l c a l l y  i n c r e a s i n g .
CARD NO. 1+ Gan I d e n t i f i c a t i o n  and G as P r o p e r t y
I n p u t  C o n t r o l
F o rm a t :  La 6 ,  5X, A3, 7X, I I
C o ts  1 -?1+ ALPHA Gas nam e, i d e n t i f i c a t i o n  f o r  r e a l
g a s  p r o p e r t i e s  on  t a p e .  May be  any  
name when g a s  p r o p e r t i e s  a r e  i n p u t  
v i a  c a r d s .
C o l s  3 0 "3 2  UNITS ENG E n g l i s h  u n i t s  a r e  t o  be i n p u t
( c a r d s  o n ly )
MKS M e t r i c  U n i t s  ( c a r d s  o r  t a p e )
Col UO
CARDS WO. 5
F o r m a t :
Col 1-10
C ol 10, 20
CARDS NO. 6
F o r m a t :
C o ls  1-10 
C o ls  11-20
C o ls  21 -50  
C o ls  51-UO
C o ls  U l-5 0
NOTE -  C a rd s
E 1 0 .6 ,  8x , 12
STAB
IVTAB
IS Number o f  e n t r o p y  c u t s  ( I g n o re d
f o r  t a p e ,  1 f o r  I d e a l  j a s ,  9 
max f o r  r e a l  g a s  v i a  c a r d s ) . 
E n t ro p y  v a l u e  and  number o f  v e ­
l o c i t y  c u t s  (N ot i n p u t  i f  IC0N(1) 
2 , i . e . ,  g a s  p r o p e r t i e s  v i a  t a p e )
E n t ro p y  v a l u e
Number o f  Mach num bers f o r  t h i s  
e n t r o p y  v a l u e  1? max, (1 i f  i d e a l  
g a s )
T h i s  c a r d ( s )  g i v e s  th e  Mach number 
and  a s s o c i a t e d  g a s  p r o p e r t i e s  a t  
t h a t  Mach number and e n t r o p y .
5E10.6
TAB Mach number
TAB Gas c o n s t a n t  (R) i f  UNITS = ENG,
M o le c u la r  w e ig h t  (MVPT) I f  U n i t s  =
MRS.
TAB GAMMA
TAB S t a t i c  t e m p e r a t u r e  (TO) a t  t h i s  Ma
number
TAB S t a t i c  p r e s s u r e  (TO) a t  t h i s  Mach
number
5 and  6 a r e  o m i t t e d  i f  g a s  p r o p e r t i e s  a r e  I n p u t  v i a  t a p e .
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CARD WO. 7
F o r m a t :
C o ls  1-10
C o ls  11-20
C o ls  P l-JO  
C o ls  51-^0 
C o ls  U l-5 0
C o ls  6 1 -7 0  
CARDS NO. 8
F o r m a t : 
C o ls  1-10 
C o ls  11-20 
C o ls  21-50  
C o ls  51-1+0 
C o ls  1+1-50  
C o ls  51-60














NOTE -  As many o f  t h e s e  c a r d s  a r e  
ru n  c o n t r o l  c a r d .
T h i s  c a r d  s p e c i f i e d  th*> n e c e s s a r y  
I n f o r m a t i o n  f o r  t h e  s t a r t i n g  l i n e .
A x i a l  c o o r d i n a t e  o f  u p p e r  l i m i t  o f  
s t a r t  l i n e .
A x i a l  c o o r d i n a t e  o f  low er l i m i t  o f  
s t a r t  l i n e .
Mach number o r  A/A* for* s t a r t  l i n e .  
E n t r o p y  l e v e l  o f  s t a r t  l i n e .
A rea  o f  n o z z l e  t h r o a t  ' 'u n i t s  co n ­
s i s t e n t  w i th  b o u n d a ry  e q u a t i o n s ) . 
P o i n t  i n s e r t  c r i t e r i a  
T hese  c a r d s  a r e  u sed  to  re a d  i n  a 
known s t a r t i n g  l i n e  (IC0N(2) = 2) , 
o t h e r w i s e  o m i t t e d .
R a d i a l  c o o r d i n a t e  o f  t h i s  p o i n t  
A x i a l  c o o r d i n a t e  o f  t h i s  p o i n t  
Mach number o f  t h i s  poL nt 
Flow a n g le  o f  t h i s  p o i n t  
E n t r o p y  l e v e l  o f  t h i s  p o i n t  
Shock a n g l e  o f  d ow nstream  shock  
p o i n t  when ICON(9) ^  I X) 
i n p u t  a s  s p e c i f i e d  by ICON(5) on  th e
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CARD NO. 9
F o r m a t :
C o l s  1-10
C o ls  11-20
C o ls  21-30
C o ls  31-1*0
C o ls  '41-30
C o ls  51 -60
CARD NO. 10
Forma t  : 
Col I
C o ls  I4-5







II ,  2X, 
NPOWER
NBLPTS
T h is  c a r d  c o n t a i n s  t h e  n e c e s s a r y  
I n f o r m a t i o n  t o  l i m i t  t i  e  c a l c u l a ­
t i o n s  to  t h o s e  a r e a s  oi I n t e r e s t .
An u n u s u a l  scheme i s  e r p lo y e d  i n  
o r d e r  to  make t h e s e  U n i t s  e f f i c i e n t  
f o r  th e  many p ro b lem  o t i e n t a t i o n s  
w h ich  a r e  p o s s i b l e .
R a d i a l  c o o r d i n a t e  d e f i n i n g  u p p e r  
c u t o f f .
A x ia l  c o o r d i n a t e  d e f i n i n g  u p p e r  
c u t o f f .
A n g le  c u t o f f  l i n e  makes w i t h  h o r i ­
z o n t a l .
R a d i a l  c o o r d i n a t e  d e f i n i n g  down­
s t r e a m  c u t o f f .
A x i a l  c o o r d i n a t e  d e f i n i n g  down­
s t r e a m  c u t o f f .
A n g le  c u t o f f  l i n e  makes w i th  h o r i ­
z o n t a l
T h i s  c a r d  c o n t a i n s  th e  i n p u t  i n ­
fo r m a t i o n  f o r  t h e  v i s c o u s  b o u n d a ry  
l a y e r  o p t i o n  
12 , 5X, 2E 10 .6
E x p o n en t o f  t h e  v e l o c i t y  p r o f i l e
I n  t h e  b o u n d a ry  l a y e r
Number o f  b o u n d a ry  l a y e r  p o i n t s
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C o ls  11-PO
C o ls  P l - 5 0
CARD NO, 11












s p e c i f i e d
A c h a r a c t e r i s t i c  l e n g t h  ( u s u a l l y  
n o z z l e  l e n g th )
C o n v e r s io n  f a c t o r  f o r  n ix e d  u n i t s  
o f  l e n g t h
T h is  c a rd  i s  u sed  when ICON (10) 
e q u a l s  1 o r  2 .  I t s  p u rp o se  i s  to  
" J u g g l e "  t h e  m ethod o f  c h a r a c t e r i s ­
t i c s  o u t p u t  such  t h a t  r,as p r o p e r t i e s  
i n  th e  f lo w  f i e l d  c an  he  d e te r m in e d  
a t  d e s i g n a t e d  p o i n t s  and sav ed  on 
b i n a r y  o u t p u t  t a p e s .
0 J u g g le  c a s e  o t h e r  t n a n  l a s t  o r  
o n ly  c a s e
1 L a s t  o r  o n ly  j u g g le  c a s e
0 R a d i a l  v a l u e  a t  i n t e r s e c t i o n  o f  
j u g g l e d  a x i a l  l o c a t i o n  and  l e f t  
r u n n in g  c h a r a c t e r i s t i c .
1 Use c o n s t a n t  r a d i a l  i n c r e m e n t s ,  
i n t e r p o l a t i n g  b e tw een  a fo r e m e n t io n e d  
i n t e r s e c t i o n s .
Maximum number o f  r a d i a l  In c re m e n ts  
(u se d  o n ly  i f  ISETR -  1, maximum 
number a l l o w a b l e  i s  1C 3 DELTA RS)





C ol U‘, ITIME(6 )
NOTE -  Up t o  a maximum o f  s i x  D e l t a  
a lw a y s  n e c e s s a r y .
CARD No. IP
F o rm a t :  7 E 1 0 .6
C ol 1 -10  DELT(l)
C o l 11-P0 DELT(2)
C ol P I - 50 DELT(3)
C ol 3 l - }+0 DELT(1+)
C o l U i - 5 0  DELTC5)
C ol 5 1 - 6 0  DELT(6 )
C ol 6 1 -7 0  DELTAR
NOTE -  T o t a l  l e n g t h  o f  s u n m a t io n  o f
e q u a l  t o  a x i a l  c u t o f f  v a l u e .
Numbe r  o f  t  Ime s f i r s t  1 'E LTA X 
i s  u sed
Number o f  t im e s  seco n d  DELTA X 
I s  u sed
Number o f  tim eB  t h i r d  DELTA X 
I s  u sed
Number o f  t im e s  f o u r t h  DELTA X 
I s  u sed
Number o f  t im e s  f i f t h  DELAT X i s  
u sed
Number o f  t i m e s  s i x t h  1ELTA X i s  
u sed
X c h a n g e s  a r e  a l lo w e d  b u t  n o t
C o n t i n u a t i o n  o f  C ard  No. 10
L e n g th  o f  f i r s t  D e l t a  X in c r e m e n t .  
L e n g th  o f  s e c o n d  DELTA X in c r e m e n t  
L e n g th  o f  t h i r d  DELTA X in c r e m e n t .  
L e n g th  o f  f o u r t h  DELTA X in c r e m e n t  
L e n g th  o f  f i f t h  DELTA X in c r e m e n t .  
L e n g th  o f  s i x t h  DELTA X in c r e m e n t .  
R a d i a l  i n c r e m e n t  u se d  i f  ISETR = 1 
DELTA X m u s t  be g r e a t e r  t h a n ,  o r
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CARD No. 13 
F orma t :







c o l  16
5012
(J)
P l o t  c o n t r o l  c a r d
1 Mach No.
2 P r e a a .  s t a t i c  
5 Temp, s t a t i c
1* P r e a a  ( s t a g  norm shock )
5 GAMMA
6 Mole w t
7 D e n s i t y
8 E n t r o p y
NOTE -  The o r d e r  o f  t h e s e  p a r a m e t e r s  i s  a r b i t r a r y
NOTE -  All  u n i t s  u s e d  a r e  ENG. ( e x c e p t  e n t r o p y )  w h ic h  may be e i t h e r  
ENG. o r  MKS. d e p e n d i n g  on  g a s  p r o p e r t y  u n i t s .  F o l l o w i n g  i s  a  l i s t  




A l l  a n g l e s
S






T h r u s t  c a l c ,  a s s u m e s  f t .  O t h e r w i s e
any  s c a l e  a c c e p t a b l e
Deg.
f t *h* 2f  SE G **?DEG. R=ENG .
CAL/GRAMDEG. K-MKS







B .l  B u t l e r ,  H. W., " U se rs  Manual D e s c r i p t i o n  o f  a  D i g i t a l
Com puter P rogram  f o r  N ozzle  and PLuune Analysis  by i;he 
Method o f  C h a r a c t e r i s t i c s " ,  LMSC/HREC A 785573) Lockheed 
M i s s i e s  and Space  Company, H u n t s v i l l e ,  A labama, December,
1966.
NOMENCLATURE
D e s c r i p t i o n  
damping c o e f f i c i e n t  
s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e  
d ia m e t e r
damping c o e f  f  i c  ie n  t
i n t e r n a  1 e n e r g y  per u n i t  volume
i n t e r n a l  e n e r g y  per  u n i t  mass
v e c t o r  f u n c t i o n  o f  c o n s e r v a t i o n  v a r i a b l e :
u n i t  t e n s o r
u n i t  v e c t o r  x - d i r o c t i o n
u n i t  v e c t o r  y or r - d i r e c t i o n
u n i t  v e c t o r  z - d i r e c t i o n
e x t e r n a l  f o r c e s
f o r c e  v e c t o r  per  u n i t  volume
Mach number
mass
momentum p er  u n i t  volume x - d i r e c t i o n
momentum p er  u n *t  volume y or  r - d i r e c t i o n
u n i t  v e c t o r
p r e s s u r e
m a t r ix
v e c t o r  d e n s i t y
momentum p er  u n i t  volume z - d i r e c t i o n
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Symbol D e s c r  i p t i o n
11 hea t conduc t ion vec tor
K Ideal gas constant
r radial  coordinate
5 surface
s entropy per unit  mass
T temperature
Tq s tagnation temperature
t t ime
I) conservation variable  vector
u x-component of v e lo c i ty
V v e lo c l t y  vec tor
v y or r component of v e lo c i t y
w z-component of v e lo c i t y




P* constant equals zero for 1-dim ensional;
equals one otherwise
y  s p e c i f i c  heat ra t io
6 shock d e f l e c t io n  angle
6 ,6 ” d i f ference  operator
e constant equals one for axisymmetrlc f l o v s ;
equals zero otherwise
? constant ,  equals one for ^-dimensions;
equals zero otherwise
2 0 0
S ymbo 1 D esc r  i.pt i o n
rt f low a n g l e
A volume
X l o c a l  v e l o c i t y  of  d i s c o n t i n u i t y
p. v i s c o s i t y
p d e n s i t y
o ( r , t )  h y p e r s u r f a c e
t  v i s c o u s  s t r e s s  t e n s o r
s c a l a r  f l u x
Suhsc  r i p t s
a a m b ie n t
e n o22l e  e x i t  cond i t  ions
n , t  norm al  and t a n g e n t i a l  d i r e c t i o n s  to  shock wave
r , t , x , y , z  p a r t i a l  d e r i v a t i v e  sy m b o l ic  n o t a t i o n s  
1,," u p s t r e a m ,  dow nst ream  t o  shock
I , I I  r i g h t  and l e f t  r u n n i n g  c h a r a c t e r i s t i c s
S u p e r s c r  i p t s
t e n s o r
v e c t o r
e s t i m a t e d  v a l u e s  on t im e  
o d e g r e e
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